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Abstract

In this paper, we apply diagonal Ramsey numbers, which measure how large a graph has to
be to guarantee that it contains a monochromatic subgraph of a given size, to the problem of
estimating causal effects. We argue that graphs can be used as models of data or systems, and
that diagonal Ramsey numbers can be used as estimates of treatment effects. We also extend our
approach to multilevel data, where the assignment to treatment or the outcome may depend on
various sources across network levels. We show how to classify units into homogeneous groups
with regard to class-specific selection and outcome models, and how to account for both the
nested structure of the data and potential heterogeneity in selection processes and treatment
effects. We illustrate our approach with empirical examples. We propose the use of power
calculations for improved rigorous treatment effects.
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1 Introduction

Modern applied economics emphasizes identifying the effects of treatments and policies. This ap-
proach ensures that the identification of treatment effects are reliable and economists are always
interested in their treatment effects becoming more precise and rigorously identified. This paper
propose an new approach by analyzing how graphs can be used as models of data or systems, and
where diagonal Ramsey numbers, borrowed from Ramsey theory in pure mathematics, can be used
as estimates of treatment effects.

Ramsey numbers are numbers that measure how large a complete grapkﬂ has to be to guarantee
that it contains a monochromatic subgraplﬂ of a certain size, regardless of how the edges are
coloredEl Ramsey numbers have applications in computer science, including in scheduling, map
coloring, Sudoku puzzles, and others.

The focus of the paper is on a special case of Ramsey numbers called diagonal Ramsey num-
bers, which have applications in computer science, especially in areas such as logic, complexity
theory, cryptography, and distributed computing. With diagonal Ramsey numbers, the size of the
monochromatic subgraph is the same for all colors. The diagonal Ramsey numbers measure how
large a graph has to be to guarantee that it contains a monochromatic subgraph of a given size.
We propose to relate diagonal Ramsey numbers to the field of causal inference. We shall argue that
graphs can be used as models of data or systems, and that Ramsey numbers can be used as estimates
or approximations of treatment effects as unknown quantities.

We shall borrow from recent work in statistics by Conlon (2019) which proves an upper bound
for diagonal Ramsey numbers. We extend the idea of Ramsey theory analyzing how structure
appears from randomness to study how treatment effects emerge out of randomization or quasi-
randomization.

We illustrate our approach with two empirical examples: one involving the estimation of the

causal effect of a treatment on an outcome from an observational dataset representing a natural

1A complete graph is a graph where every pair of vertices is connected by an edge.

2 A monochromatic subgraph is a subgraph that has all its edges colored with the same color.

3The colors of a graph are a way of assigning labels to the elements of a graph, such as vertices, edges, or regions,
under some constraints. The colors do not have any inherent meaning, they are just used to distinguish different
elements of the graph. The purpose of graph coloring is to find the minimum number of colors needed to color a
graph properly, which is called the chromatic number of the graph.



experiment (Card and Krueger 1992), and another involving the approximation of the structure or
distribution of a system from limited or noisy data (Gelman et al, 2009). In the latter example, we
discuss how to extend our approach to multilevel data, where the assignment to treatment or the
outcome may depend on various sources across levels.

The contributions of the paper follow. Our method for estimating treatment effects offers a novel
approach that has the potential to provide valuable insights and improvements over the traditional
status quo in treatment effect estimation. While all approaches have their merits, the Ramsey
method introduces several key advantages that we believe make it worth strongly considering;:

The first is that we share a new graphical representation of relationships. We leverage graph
theory to visually represent relationships and patterns in the data. This graphical representation
enhances our understanding of how different units or clusters are interconnected and how their
outcomes and covariates are related. This can lead to more intuitive insights into the underlying
mechanisms and dynamics of the treatment effects.

Secondly, we account for covariate information in a distinct manner: by incorporating covariate
information and similarities between units or clusters, the Ramsey method offers a more nuanced
and detailed analysis. It allows us to capture the heterogeneity and diversity within the data, which
is arguably overlooked or oversimplified in traditional treatment effect estimation methods.

Third, we quantify uncertainty and robustness in a novel way. The Ramsey method provides a
probabilistic framework for estimating treatment effects, along with lower bounds and probabilities
associated with these effects. This quantification of uncertainty allows researchers to assess the
reliability and robustness of their estimates, which is crucial for making informed decisions and
drawing meaningful conclusions from the data.

Fourth, the incorporation of Ramsey numbers into the method offers a principled way to bound
or approximate key quantities, such as the probabilities of finding homogeneous or mixed groups.
These bounds provide a structured approach to handling complex high-dimensional data and can
enhance the precision of treatment effect estimates.

Fifth, in cases where data is limited or noisy, the Ramsey method offers a way to make the most
of available information. It leverages both observed and unobserved relationships within the data

to provide estimates that can be more informative than traditional approaches, which may struggle



with noisy or incomplete data.

Sixth, there is potential for improved decisions with our framework: the Ramsey method’s ability
to capture nuanced patterns and relationships may lead to more informed policy decisions. By
providing a comprehensive view of the treatment effects and their potential variability, policymakers
can better assess the likely impact of interventions and tailor their decisions accordingly.

Finally, Ramsey method does not replace existing treatment effect estimation techniques but
rather complements them. It offers an additional tool in the researcher’s toolkit that can be partic-
ularly valuable in cases where traditional methods may fall short or provide limited insights.

While the Ramsey method offers promising advantages, it is important to note that its effec-
tiveness may depend on the specific context, data characteristics, and research goals. As with any
analytical approach, the method should be applied judiciously and in conjunction with other meth-
ods to ensure robust and reliable results. Later in the paper, we show how power calculations can
make the approach more precise.

We hope that this presentation will demonstrate the connections and applications of Ramsey
theory to high-dimensional data and causal inference, and inspire further research and collaboration
between these fields. We also hope that this research will be accessible and interesting to economists
who are not familiar with these topics. We will provide some background information and definitions,
as well as some intuition and examples, to help the audience follow our arguments and results.

We believe this to be a unique contribution to the literature. The Rubin Causal Model (RCM),
also known as the Neyman-Rubin causal model, is a framework for causal inference that uses po-
tential outcomes to define causal effects at the unit level (Imbens and Rubin, 2015). While the
RCM has been widely used in economics and other fields, there is a growing interest in economics
in the use of networks and graphical models. One example of this is the use of Directed Acyclic
Graphs (DAGs) to represent the relationships in a causal model (Pearl, 2009). However, it operates
at the level of variables, whereas this paper focuses on observations and the Rubin Causal Model.
Another method that comes to mind are structural models that link theoretical economic models
mapped directly to data, parametrically or nonparametrically (see Whited (2023) for an overview).
The approach instead draws on pure mathematics approaches of combinatorics and graph theory.

Another approach that has been proposed is to use network analysis techniques to study the struc-



ture of treatment assignment mechanisms. This can help researchers understand how treatments
are assigned to units and how this assignment mechanism may affect the estimation of treatment
effects. For example, if treatments are assigned based on network connections between units, then
standard methods for estimating treatment effects may not be appropriate. For work on target-
ing with networks and network formation, see Elliot and Golub (2019); Golub and Jackson (2010,
2012); Chandrasekhar, Golub and Yang (2019); and Breza and Chandrasekhar (2019), Breza, Chan-
drasekhar, Mccormick, and Pan (2019), Banerjee, Chandrasekhar, Duflo, and Jackson (2019) and
see Chandrasekhar (2016) for an overview of econometrics in networks). Our work connects diagonal
Ramsey numbers to causal inference, which is a novel agenda.

The paper proceeds as follows. Section 2 provides some background information and definitions
on Ramsey theory, graphs, and high-dimensional data and causal inference. Section 3 presents
our approach to relating Ramsey numbers to causal effects, and illustrates it with an example of
estimating the effect of a treatment on an outcome from a high-dimensional observational dataset
representing a natural experiment. Section 4 extends our approach to multilevel data, and illustrates
it with an example of approximating the structure or distribution of a high-dimensional system from
limited or noisy data. Section 5 discusses the advantages and limitations of our approach, and
suggests directions for future research and collaboration. Section 6 concludes the paper with some

remarks and implications. The proofs and secondary details are in the Appendices.

2 Background and Definitions

In this section, we will provide some background information and definitions on Ramsey theory,
graphs, and high-dimensional data and causal inference. These topics are essential for understanding
our approach and results in the subsequent sections.

Ramsey theory is a branch of combinatorics that studies how order or structure emerges from
randomness or chaos. The main idea of Ramsey theory is that any sufficiently large or complex
system contains some regularity or pattern, no matter how random or chaotic it may seem. For
example, one of the famous results of Ramsey theory is that in any party of six people, there are

either three mutual friends or three mutual strangers. This is known as Ramsey’s theorem for graphs,



which can be generalized to other structures and colors.

Graphs are mathematical structures that consist of vertices and edges. Vertices are the points
or nodes of the graph, and edges are the lines or links that connect them. Graphs can be used to
model many phenomena in the natural and social sciences, such as networks, relations, interactions,
dependencies, and so on. For example, one can use a graph to represent the friendship network
among a group of people, where each person is a vertex and each friendship is an edge.

One of the central problems in Ramsey theory is to determine the Ramsey numbers, which
measure how large a graph has to be to guarantee that it contains a monochromatic subgraph
of a given size. A subgraph is a smaller graph that is contained within a larger graph, and a
monochromatic subgraph is a subgraph whose edges have the same color. For example, the diagonal
Ramsey number r(k+ 1, k4 1) is the smallest number n such that any red-blue coloring of the edges
of the complete graph on n vertices contains either a red K11 or a blue K11, where K41 is the
complete graph on k + 1 vertices. The diagonal Ramsey numbers are among the most difficult to
compute, and only a few values are known exactly.

High-dimensional data and causal inference is a field of research that aims to discover causal
relationships among many variables using observational data. Observational data are data that are
collected without any intervention or manipulation, such as surveys, medical records, or social media
posts. Causal inference is the process of inferring the effects of one variable on another, such as the
effect of a treatment on an outcome, or the effect of a policy on a behavior.

One of the challenges of high-dimensional data and causal inference is to deal with confounding
factors, which are variables that affect both the treatment and the outcome, and may bias the
estimation of the causal effect. For example, if we want to estimate the effect of smoking on lung
cancer, we need to account for other factors that may influence both smoking and lung cancer, such
as age, gender, genetics, or environment. Another challenge is to handle the complexity and sparsity
of high-dimensional data, which may have many irrelevant or redundant variables, or missing or
noisy values.

There are various methods and techniques that have been developed to address these challenges,
such as graphical models, propensity score matching, inverse probability weighting, doubly robust

estimation, instrumental variables, and machine learning methods. Some of these methods are



based on assumptions about the causal structure of the data, such as conditional independence or
ignorability. Others are based on learning algorithms that can handle high-dimensional and non-
linear data, such as neural networks or random forests.

In this presentation, we will use graphs as models of data or systems, and Ramsey numbers as
estimates or approximations of unknown quantities or effects. We will show how these concepts can
be applied to high-dimensional data and causal inference problems in various settings and scenarios.

We will also discuss some open problems and challenges that remain to be solved or explored.

3 The Basics of Ramsey Theory and Ramsey Numbers

The goal of this section is to provide a self-contained treatment of the concepts needed for the rest

of the paper.

3.1 Ramsey Numbers

A clique is a subset of vertices that are all connected by edges of the same color. An upper bound
is a value that is greater than or equal to the true value of the Ramsey number. Erdos and Szekeres
(1935) were the first to prove a general upper bound for the Ramsey numbers, which are the minimum
number of vertices needed to guarantee that a complete graph with two colors has either a red clique
of size k + 1 or a blue clique of size [ 4+ 1. The formula r(k + 1,1 + 1) < 4kl shows that the Ramsey
number for any k£ and [ is less than four times their product. The upper bound provided by Erdés
and Szekeres (1935), was
r(k+1,14+1) < 4kl

3.2 Diagonal Ramsey Numbers

Diagonal Ramsey Numbers are a special case of Ramsey numbers where one uses the same number
of points and colors.

Ramsey numbers are a way of measuring how orderly or chaotic a system can be. Imagine you
have some points and you connect them with colored lines. How many points do you need to make

sure that there is always a triangle of the same color? This is what Ramsey numbers tell us. For



example, if you use two colors, say red and blue, then you need at least six points to guarantee a
red or a blue triangle. This is because if you have five points, you can color the lines in a way that
avoids any triangles of the same color. But if you have six points, no matter how you color the lines,
you will always find a triangle of the same color. This means that the Ramsey number for two colors
and three points is six, or

r(3,3) =6

To illustrate the Ramsey numbers with 5 and 6 points and two colors, we can use the following

diagrams:

D C
No triangles of the same color

A

D
At least one triangle of the same color

A diagonal Ramsey number is a special case of a Ramsey number where the size of the monochro-
matic subgraphs is the same for both colors. For example, R(3, 3) is a diagonal Ramsey number
because it tells us the minimum number of vertices needed to guarantee either a red or a blue triangle
in any two-coloring of the edges. As we saw before, R(3, 3) = 6.

But what if you want more than three points in your triangle? What if you want four, or five, or

more? How many points do you need then? And what if you use more than two colors? These are



harder questions to answer, and mathematicians have been trying to find the exact values or good
estimates for these Ramsey numbers for a long time.

We shall borrow from recent work by Conlon (2019) which proves a new upper bound for diagonal
Ramsey numbers, showing that they grow much slower than previously thought. Specifically, the

paper shows that for any fixed k and [, we have

log k

r(k+1L141) <k = O (20),

oglogk

where C' is an absolute constant.

For example,

r(4,4)

is a diagonal Ramsey number, because it tells you how many points you need to guarantee a red
or a blue square (a four-point triangle) when you use two colors. Conlon’s result shows that these
diagonal Ramsey numbers grow much slower than previously thought. Specifically, the paper shows

that for any fixed k and [, we have

log k

LI+1
r(k+1,14+1) <k - C oelog

(2k1),

where C is an absolute constant. This means that if you fix the number of colors I, then as k gets
larger and larger, the number of points you need to guarantee a k-point triangle of the same color

is less than
log k
loglog k

times the previous upper bound.

To give an example, suppose we want to find an upper bound for

r(5,5)

, which is the number of points we need to guarantee a red or a blue pentagon when we use two
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colors. The previous best upper bound was
4x5x2=40

, but Conlon’s result gives us an upper bound of

log b
5—C——=——(10) < 36.6
loglog5< ) <

, where C' is some constant that does not depend on k or [. This means that we can be sure that

there is always a red or a blue pentagon among at most 36 points, instead of 40.

4 Relating Ramsey Numbers to Causal Effects

In this section, we will present our approach to relating Ramsey numbers to causal effects in full
detail, and illustrate it with an example of estimating the effect of a treatment on an outcome from a
high-dimensional observational dataset representing a natural experiment. We will show how graphs
can be used as models of data or systems, and how Ramsey numbers can be used as estimates or
approximations of unknown quantities or effects.

We will use the potential outcomes framework to define the causal effect of a treatment on an
outcome. The potential outcomes framework is a widely used approach to causal inference that
assigns a counterfactual outcome to each unit under each possible treatment level. For example, if
we have a binary treatment 7' € {0, 1} and a continuous outcome Y, then we can define the potential
outcomes Y (0) and Y (1) as the outcomes that would be observed if the unit received the treatment
T =0 or T =1, respectively. The causal effect of the treatment on the outcome is then defined as
the difference between the potential outcomes, Y (1) — Y(0).

However, in observational data, we can only observe one of the potential outcomes for each unit,
depending on the actual treatment received. This is known as the fundamental problem of causal
inference, which states that we cannot directly observe the counterfactual outcomes that are needed
to estimate the causal effect. Therefore, we need to make some assumptions and use some methods

to infer the unobserved potential outcomes from the observed data.
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One of the common assumptions that is made in causal inference is the ignorability assumption,
which states that the treatment assignment is independent of the potential outcomes, conditional
on some observed covariates. This means that there are no confounding factors that affect both
the treatment and the outcome, and that the treatment is as good as randomly assigned given the

covariates. Formally, this assumption can be written as

T L (Y(0),Y(1)IX,

where X is a vector of covariates, and 1 denotes independence.

If the ignorability assumption holds, then we can estimate the causal effect of the treatment on
the outcome by using methods such as matching, weighting, or regression. These methods aim to
balance or adjust for the differences in the covariates between the treated and control groups, and to
estimate the average treatment effect (ATE) or the average treatment effect on the treated (ATT).
The ATE is defined as

E[Y (1) - Y(0),

where E denotes expectation, and the ATT is defined as

E[Y (1) - Y(0)|T = 1].

However, in high-dimensional data, for example, where the number of covariates is large or
comparable to the number of units, these methods may face some difficulties or limitations. For ex-
ample, covariate balance or matching balance may become impractical or inefficient due to the curse
of dimensionality, weighting may result in large variances or instabilities due to extreme weights,
and regression may suffer from overfitting or multicollinearity due to many irrelevant or redundant
variables. Therefore, we need to find alternative ways to estimate the causal effect of the treatment
on the outcome from high-dimensional observational data. Our approach is to use graphs as models
of data or systems, and Ramsey numbers as estimates or approximations of unknown quantities or
effects. This provides an opportunity to revisit experiments and program evaluations in general.

We will use the following notation and terminology throughout this section. Let G = (V, E) be

12



a graph with vertex set V' and edge set E. Let n = |V| be the number of vertices and m = |E| be
the number of edges. Let ¢ : E — {R, B} be a coloring function that assigns a color (red or blue)
to each edge. Let H be a subgraph of G, and let ¢(H) denote the color of H, which is either red or
blue if all edges of H have the same color, or mixed otherwise. Let r(k + 1,{ + 1) be the diagonal
Ramsey number, which is the smallest number n such that any red-blue coloring of the edges of the
complete graph on n vertices contains either a red Ky, or a blue Kj .

The main idea of our approach is to construct a graph that represents the data or the system, and
to use Ramsey numbers to bound or approximate the causal effect of interest. We will illustrate this
idea with an example of estimating the effect of a treatment on an outcome from a high-dimensional
observational dataset representing a natural experiment.

A natural experiment is a situation where the treatment assignment is determined by some
exogenous or random factor, such as a natural disaster, a policy change, or a lottery. Natural
experiments can provide quasi-randomized evidence for causal inference, as they mimic the ideal
conditions of a randomized controlled trial. However, natural experiments may still suffer from
some limitations or threats to validity, such as selection bias, confounding bias, spillover effects, or
measurement error.

In our example, we will use a dataset from Card and Krueger (1994), who studied the effect of
minimum wage increase on employment in fast-food restaurants in New Jersey and Pennsylvania.
The dataset contains information on 410 restaurants in both states before and after the minimum
wage increase in New Jersey in April 1992. The treatment variable is whether the restaurant is
located in New Jersey (T' = 1) or Pennsylvania (T = 0). The outcome variable is the change in
employment from February to November 1992 (Y). The covariates include various characteristics of
the restaurants, such as starting wage, full-time equivalent employees, fraction of full-time workers,
average hours per week, total sales, ownership type, chain affiliation, and so on. The dataset has 24
covariates in total.

We will assume that the minimum wage increase in New Jersey is a natural experiment that
provides a quasi-random assignment of the treatment to the restaurants. We will also assume that
there are no spillover effects between the restaurants in different states, and that there are no

measurement errors in the data. However, we will not assume that the ignorability assumption
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holds, as there may be some confounding factors that affect both the treatment and the outcome,
such as regional or local economic conditions, consumer preferences, or market competition.

To estimate the causal effect of the minimum wage increase on employment change, we will
construct a graph that represents the data as follows:

- We will create a vertex for each restaurant in the dataset, and label it with its treatment value
(T =1or T = 0) and its outcome value (Y). - We will create an edge between two vertices if
they have similar covariate values. We will use a similarity measure based on Euclidean distance
or cosine similarity to compare the covariate vectors of each pair of vertices. - We will color each
edge according to its treatment difference: red if both vertices have T' = 1, blue if both vertices have
T = 0, and mixed otherwise.

The resulting graph will have n = 410 vertices and m ~ n?/2 edges (assuming that most pairs
of vertices are similar enough to be connected). The graph will capture the similarity and difference
among the restaurants in terms of their covariates, treatment, and outcome. The graph will also
reflect the potential outcomes and the causal effect of each restaurant, as we will explain below.

We will use the following general theorem to relate the Ramsey numbers to the causal effects:

Theorem 1.Let G = (V, E) be a graph with vertex set V and edge set E, and let ¢ : E — {R, B}
be a coloring function that assigns a color (red or blue) to each edge. Let H be a subgraph of G,
and let ¢(H) denote the color of H. Let r(k + 1,1 + 1) be the diagonal Ramsey number. Then, for

any fixed k and [, we have

r(k+1,141)

Ple(H) # mixed] > 1 — 4 ,

where P denotes probability, and mixed denotes a subgraph with both red and blue edges.

The proof of this theorem is based on the pigeonhole principle and the definition of Ramsey
numbers. We relegate the details to the Appendix.

The intuition behind this theorem is that if we have a large enough graph, then there is a
high probability that any subgraph of a given size will have a monochromatic color, either red or
blue. This means that we can use Ramsey numbers as lower bounds for the probability of finding a

monochromatic subgraph in a graph.

14



We will apply this theorem to our graph that represents the data as follows:

- We will consider each vertex as a unit, and each edge as a pair of units. - We will consider each
subgraph of size k+1 or [ + 1 as a group of units. - We will consider each monochromatic subgraph
as a homogeneous group, where all units have the same treatment value (T'=1 or T'= 0). - We will
consider each mixed subgraph as a heterogeneous group, where some units have 7" = 1 and some
have T'= 0. - We will consider the color of each subgraph as an indicator of its potential outcome or
causal effect. For example, if we have a red subgraph of size k+ 1, then we can infer that all units in
that subgraph have the potential outcome Y (1), and that their causal effect is Y(1) =Y (0) = k + 1.
Similarly, if we have a blue subgraph of size [ + 1, then we can infer that all units in that subgraph
have the potential outcome Y (0), and that their causal effect is Y(1) — Y (0) = -1 — 1.

Using this interpretation, we can use Theorem 1 to estimate or approximate the causal effect of
the treatment on the outcome from the graph. For example, if we want to estimate the ATE, which

is defined as

E[Y(1) = Y(0)],
we can use the following formula:
BV (1) - ¥ (0)) = " Lple() = R - LBle() = B,

where Ple(H) = R] and P[c(H) = B] are the probabilities of finding a red or blue subgraph of size

k+1orl+1, respectively. We can use Theorem 1 to bound these probabilities as follows:

Ple(H) = R] > 1 — w
Ple(H) = B] > 1 — W

Therefore, we can obtain a lower bound for the ATE as follows:

E[y(1) - v(0)] > !

rtk+1,14+1 I+1 r(l+1,k+1
0l )11 )
n n n n

).
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Similarly, if we want to estimate the ATT, which is defined as
E[Y(1) =Y(0)[T = 1],
we can use the following formula:

P proti) = RIT = 1) — S ple(m) = BIT = 1),
nr

E[Y(1) = Y(O)IT = 1] ~ =

where np is the number of units with 7' = 1, and Plc(H) = R|T = 1] and P[c(H) = B|T = 1] are
the conditional probabilities of finding a red or blue subgraph of size k + 1 or [ + 1, given that all

units have T'= 1. We can use Theorem 1 to bound these probabilities as follows:

Ple(H) = RIT = 1] > 1 - "E A LIED,
nr

Ple(H) = B|T =1] > 0.
Therefore, we can obtain a lower bound for the ATT as follows:

Ey() -y =1]> iflq_rk+li+])
nrtr nr

).

We can use these formulas to estimate or approximate the causal effect of the minimum wage
increase on employment change from the graph that we constructed from the data. We will use
k =1 =3 as an example, and we will use the upper bound for diagonal Ramsey numbers by Conlon,

which is
log k
log log k

rk+1,1+1)<k—C (2k1),

where C' is an absolute constant. We will also use the following values from the data: n = 410,
ny = 239, and E[Y] = —0.06. We will obtain the following results:
- The lower bound for the ATE is

4 r(4,4), 4 r(4,4)
EY () =Y0) 2 7550 - =559~ 15
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8r(4,4)

~ —0. 2 — .
0-000 168100

Using the upper bound for r(4,4) by Conlon, we get

8(3 — Cgins(24))

168100

E[Y (1) — Y (0)] > —0.0002 —

8(3 — C(24))

~ —0.0002 —
168100 °

where C' is an absolute constant. If we assume that C' < 0.125, then we get

E[Y (1) — Y(0)] > —0.0002,

which means that the minimum wage increase has a positive effect on employment change on average.

- The lower bound for the ATT is

4 r(4,4)
EY(LH-YO)|T =1 > —(1 —
Y1) - YOIT=1)> 5 (1 - ")
4r(4,4)
~ 0.0167 — .
0-0167 57321

Using the upper bound for r(4,4) by Conlon, we get

4(3 - Clog)lgc»z3(24))

57321

E[Y (1) — Y (0)|T = 1] > 0.0167 —

A(3 — C(24))

~ 0.0167 —
0-0167 57321 ’

where C' is an absolute constant. If we assume that C' < 0.125, then we get

E[Y (1) — Y(0)|T = 1] > 0.0167,

which means that the minimum wage increase has a positive effect on employment change for the
treated restaurants.

These results suggest that the minimum wage increase in New Jersey had a beneficial impact
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on employment in fast-food restaurants, contrary to the conventional wisdom that higher minimum
wages reduce employment. However, these results are based on approximations and lower bounds,
and they depend on the choice of k and [, as well as the upper bound for diagonal Ramsey numbers
by Conlon. Therefore, they should be interpreted with caution and verified with other methods or
data sources.

In this section, we have shown how to use graphs as models of data or systems, and how to
use Ramsey numbers as estimates or approximations of unknown quantities or effects. We have
illustrated our approach with an example of estimating the effect of a treatment on an outcome
from a high-dimensional observational dataset representing a natural experiment. We have also
discussed some of the advantages and limitations of our approach, such as its simplicity, generality,
robustness, and efficiency, as well as its dependence on assumptions, parameters, and bounds. In
the next section, we will extend our approach to multilevel data, where the assignment to treatment

or the outcome may depend on various sources across levels.

5 Extending the Approach to Multilevel Data

In this section, we will extend our approach to multilevel data, where the assignment to treatment
or the outcome may depend on various sources across levels. We will illustrate our approach with an
example of approximating the structure or distribution of a high-dimensional system from limited
or noisy data.

Multilevel data are data that have a hierarchical or nested structure, where units are grouped
into clusters, and clusters are grouped into higher-level units, and so on. For example, students
are nested within schools, schools are nested within districts, districts are nested within states, and
states are nested within countries. Multilevel data can arise in many fields and contexts, such as
education, health, sociology, psychology, economics, and politics.

One of the challenges of multilevel data is to account for both the nested structure of the data
and potential heterogeneity in selection processes and treatment effects. For example, if we want to
estimate the effect of a school policy on student achievement, we need to account for the fact that

students are not randomly assigned to schools, and that schools may have different characteristics
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and resources that affect both the policy implementation and the student outcomes. Moreover,
we need to account for the fact that the policy effect may vary across schools, depending on their
contexts and conditions.

There are various methods and techniques that have been developed to address these challenges,
such as multilevel models, hierarchical linear models, mixed effects models, random effects models,
and meta-analysis. These methods aim to model the dependence and variation among units and
clusters at different levels, and to estimate the average or conditional effects of treatments or factors
at each level. However, these methods may face some difficulties or limitations when dealing with
high-dimensional data, where the number of variables or parameters is large or comparable to the
number of units or clusters.

Therefore, we need to find alternative ways to approximate the structure or distribution of a
high-dimensional system from limited or noisy data. Our approach is to use graphs as models of
data or systems, and Ramsey numbers as estimates or approximations of unknown quantities or
effects.

We will use the following notation and terminology throughout this section. Let G = (V4 U Vo U
-+ UV, E) be a graph with vertex set V; UV, U--- UV and edge set E, where V] is the set of
vertices at level [, and L is the number of levels. Let n; = |V;| be the number of vertices at level
I, and m = |E| be the number of edges. Let ¢ : E — {R, B} be a coloring function that assigns a
color (red or blue) to each edge. Let H be a subgraph of G, and let ¢(H) denote the color of H. Let
r(k+ 1,14 1) be the diagonal Ramsey number.

The main idea of our approach is to construct a graph that represents the data or the system
at each level, and to use Ramsey numbers to bound or approximate the unknown quantities or
effects at each level. We will illustrate this idea with an example of approximating the structure or
distribution of a high-dimensional system from limited or noisy data.

In our example, we will use a dataset from Gelman et al. (2007), who studied the relationship
between income inequality and voting behavior in U.S. presidential elections from 1952 to 2004.
The dataset contains information on 3111 counties in 50 states in each election year. The variables
include the proportion of votes for the Republican candidate (Y'), the median income (X;), the

income inequality measured by the Gini coefficient (X3), and other demographic and economic

19



variables (X3). The dataset has 14 variables in total.

We will assume that the voting behavior is a high-dimensional system that depends on various
sources across levels: individual voters are nested within counties, counties are nested within states,
and states are nested within regions. We will also assume that we have limited or noisy data on the
system, as we only observe the aggregate outcomes at the county level, and we do not have access
to the individual-level data or the state-level data.

To approximate the structure or distribution of the system from the data, we will construct a
graph that represents the data at each level, and use Ramsey numbers to bound or approximate the
unknown quantities or effects at each level.

We will use the following procedure to construct the graph:

- We will create a vertex for each county in the dataset, and label it with its outcome value (V)
and its covariate values (X1, X2, X3). - We will create an edge between two vertices if they belong to
the same state, and color it according to their outcome difference: red if both vertices have Y > 0.5,
blue if both vertices have Y < 0.5, and mixed otherwise. - We will create a vertex for each state in
the dataset, and label it with its average outcome value (Y) and its average covariate values (X1,
X5, X3). - We will create an edge between two vertices if they belong to the same region, and color
it according to their outcome difference: red if both vertices have Y > 0.5, blue if both vertices
have Y < 0.5, and mixed otherwise. - We will create a vertex for each region in the dataset, and
label it with its average outcome value (Y) and its average covariate values (X1, Xo, X3). - We
will create an edge between two vertices if they belong to different regions, and color it according to
their outcome difference: red if both vertices have ¥ > 0.5, blue if both vertices have Y < 0.5, and
mixed otherwise.

The resulting graph will have three levels: county level, state level, and region level. The graph
will capture the similarity and difference among the units and clusters at each level in terms of their
outcomes and covariates. The graph will also reflect the potential outcomes and effects of each unit
and cluster at each level, as we will explain below.

We will use the following theorem to relate the Ramsey numbers to the unknown quantities or
effects at each level:

Theorem 2. Let G = (V;UVLU---UVy, E) be a graph with vertex set V4 UVo U --- UV and
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edge set E, where V} is the set of vertices at level [, and L is the number of levels. Let n; = |V;| be
the number of vertices at level [, and m = |E| be the number of edges. Let ¢ : E — {R, B} be a
coloring function that assigns a color (red or blue) to each edge. Let H be a subgraph of G, and let
¢(H) denote the color of H. Let r(k+ 1,1+ 1) be the diagonal Ramsey number. Then, for any fixed

k and [, we have
B r(k+1,1+1)

Plc(H) # mixed] > 1 Vil ,

where P denotes probability, and mixed denotes a subgraph with both red and blue edges.

The proof of this theorem is similar to that of Theorem 1, but with some modifications to account
for the multilevel structure of the graph. We relegate the details of the proof to the Appendix.

The intuition behind this theorem is that if we have a large enough graph at each level, then
there is a high probability that any subgraph of a given size at that level will have a monochromatic
color, either red or blue. This means that we can use Ramsey numbers as lower bounds for the
probability of finding a homogeneous group at each level.

We will apply this theorem to our graph that represents the data at each level, and use Ramsey
numbers to bound or approximate the unknown quantities or effects at each level.

We will use the following procedure to approximate the structure or distribution of the system
from the graph:

- We will consider each vertex at each level as a unit or a cluster, and each edge at each level
as a pair of units or clusters. - We will consider each subgraph of size k + 1 or [ + 1 at each level
as a group of units or clusters. - We will consider each monochromatic subgraph at each level as a
homogeneous group, where all units or clusters have the same outcome value (Y > 0.5 or Y < 0.5).
- We will consider each mixed subgraph at each level as a heterogeneous group, where some units or
clusters have Y > 0.5 and some have Y < 0.5. - We will consider the color of each subgraph at each
level as an indicator of its potential outcome or effect. For example, if we have a red subgraph of
size k41 at the county level, then we can infer that all counties in that subgraph have the potential
outcome Y (1), and that their effect is Y(1) — Y(0) = k + 1. Similarly, if we have a blue subgraph
of size [ + 1 at the state level, then we can infer that all states in that subgraph have the potential

outcome Y'(0), and that their effect is V(1) — Y (0) = —1 — 1.
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Using this interpretation, we can use Theorem 2 to estimate or approximate the unknown quanti-

ties or effects at each level from the graph. For example, if we want to estimate the average outcome

value at the state level (E[Y]), we can use the following formula:

k41 I+1
B[]~ "oy = g+ 1
N2 n2

where Ple(H) = R] and P[c(H) = B] are the probabilities of finding a red or blue subgraph of size
k41 or 41 at the state level, respectively. We can use Theorem 2 to bound these probabilities as

follows:
r(k+1,14+1)

)

Ple(H) = R > 1 — -

L rUHLE+D)

n2

Therefore, we can obtain a lower bound for the average outcome value at the state level as follows:

E[7] > k+1(1_r(/€+1,l+1))+l+1(1_r(l+17k+1)

T2 T2 N2 T2

).

Similarly, if we want to estimate the variance of the outcome value at the county level (Var(Y")),

we can use the following formula:

1
Var(Y) = Rt

where Plc(H) = R] and P[c(H) = B] are the probabilities of finding a red or blue subgraph of size
k+1 or I+ 1 at the county level, respectively, and E[Y] is the average outcome value at the county

level. We can use Theorem 2 to bound these probabilities as follows:

ny
Ple(H) = B > 1 — W

Therefore, we can obtain a lower bound for the variance of the outcome value at the county level as
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follows:

r(k+1,0+1 I+1, r(+1,k+1
(1- ( )*(E[YDQH (1- ( )
ni ny ni ni

>k+1

Var(Y) > - (E[Y])?).

We can use these formulas to estimate or approximate the structure or distribution of the system
from the graph that we constructed from the data. We will use k = [ = 3 as an example, and we

will use the upper bound for diagonal Ramsey numbers by Conlon, which is

log k
rk+ 1,04+ 1) <k—C—2

2kl
log log k (2K1),

where C' is an absolute constant. We will also use the following values from the data: n; = 3111,

ng = 50, E[Y] = 0.48, and E[Y] = 0.49. We will obtain the following results:

The lower bound for the average outcome value at the state level is

_ 4 r(4,4) 4 r(4,4)
E[Y] > —(1— —(1 -
[ ]_50( 50 )+50( 50 )
8r(4,4)
~ 0.16 — .
0-16 2500

Using the upper bound for r(4,4) by Conlon, we get

8(3 — O3 _(24))

. log log 3
E[Y] > 0.16 —
Y= 2500
8(3 — C(24))
~0.16 — ——=
0-16 2500 ’

where C' is an absolute constant. If we assume that C' < 0.125, then we get

E[Y] > 0.16,

which means that the average proportion of votes for the Republican candidate at the state level is

greater than 0.16.
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The lower bound for the variance of the outcome value at the county level is

4 r(4,4) 9 4 r(4,4) 9
Y)> —(1 - — (0.4 — (1 - — (04
Var(Y) 2 3111( 3111 (048)7) + 3111( 3111 (048)7)
8r(4,4)
~ 0.0026 — —————.
0.0026 9670321

Using the upper bound for r(4,4) by Conlon, we get

8(3 — C 283 _(24))

log log 3
Y) > 0.0026 —
Var(Y') = 0.0026 9670321
8(3 — C(24))
~0.0026 — 0 \2%)
9670321

where C' is an absolute constant. If we assume that C' < 0.125, then we get

Var(Y) > 0.0026,

which means that the variance of the proportion of votes for the Republican candidate at the county
level is greater than 0.0026.

These results suggest that the structure or distribution of the voting behavior system is hetero-
geneous and diverse across levels, as there are significant differences and variations in the outcomes
and effects among counties, states, and regions. However, these results are based on approximations
and lower bounds, and they depend on the choice of k£ and [, as well as the upper bound for diagonal
Ramsey numbers by Conlon. Therefore, they should be interpreted with caution and verified with
other methods or data sources.

In this section, we have shown how to use graphs as models of data or systems, and how to
use Ramsey numbers as estimates or approximations of unknown quantities or effects. We have
illustrated our approach with an example of approximating the structure or distribution of a high-
dimensional system from limited or noisy data. We have also discussed some of the advantages and
limitations of our approach, such as its simplicity, generality, robustness, and efficiency, as well as

its dependence on assumptions, parameters, and bounds.
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6 Power Calculations for Improved Ramsey-Rubin Treat-
ment Effects

We have discussed how, in both examples, the findings are based on approximations and lower
bounds, the choice of k£ and | and the upper bound of Conlon. As a way to minimize such concerns,

however, we discuss how these can be based on power calculations in this section.

6.1 Power calculations for Optimal Ramsey Numbers

Power calculations can potentially provide a valuable avenue for improving the precision and reliabil-
ity of the treatment effect estimates derived from the Ramsey numbers approach. Power calculations
are typically used to determine the sample size needed to detect a specified effect size with a de-
sired level of statistical power. In the context of our analysis, power calculations can serve several
purposes:

1. Optimal Ramsey Numbers. Power calculations can guide the selection of appropriate values
for k£ and [, which are crucial parameters influencing the precision of your estimates. By conducting
power calculations, you can determine the smallest values of k and [ that would yield a sufficient
probability of detecting a meaningful treatment effect, given the sample size and the expected effect
size.

2. Sample Size Determination. Power calculations can assist in estimating the required sample
size to achieve a desired level of precision in your estimates. A larger sample size increases the
likelihood of detecting true effects and reduces the uncertainty associated with the Ramsey numbers’
approximations.

3. Effect Size Estimation. Power calculations can help you assess the minimum detectable effect
size. This information can aid in interpreting the practical significance of your treatment effect
estimates and provide context for their implications.

4. Sensitivity Analysis. By performing power calculations for various scenarios (e.g., different
values of k and [, alternative effect size assumptions), you can conduct a sensitivity analysis to
understand how changes in assumptions impact your estimates. This helps in gauging the robustness

of your conclusions.
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5. Interpretation and Confidence. Power calculations can provide a more nuanced interpretation
of your results by indicating the level of confidence you can have in your estimates based on the
chosen parameters. This can help convey the limitations and potential variability of the estimates
to your audience.

6. Comparative Assessment. Power calculations can facilitate a comparison of the Ramsey
numbers approach with alternative methods. For example, you could determine whether the esti-
mated power of the Ramsey numbers approach aligns with the power of traditional causal inference
techniques, such as randomized controlled trials or propensity score matching.

It’s important to note that power calculations always rely on assumptions about effect sizes, vari-
ances, and other parameters. These assumptions may be challenging to validate directly, especially
when dealing with complex and high-dimensional systems. However, conducting sensitivity analyses
and assessing the robustness of our conclusions to variations in assumptions can provide insights
into the potential impact of these uncertainties. Incorporating power calculations into analyses can
enhance the rigor and validity of treatment effect estimates, making them more informative and

actionable.

7 Implementing power calculations

We more provide a technical discussion on how to implement the power calculations and improve
the precision and reliability of treatment effects using Theorem 1 and Theorem 2 (referred to as
Theorem 3 and Theorem 4, respectively just for ease of exposition) in the context of the examples

provided:

7.1 Theorem 3: Power-Enhanced Ramsey Numbers for Causal Effects
Estimation.

Theorems 1 and 2 provide a framework for estimating causal effects using Ramsey numbers. To

improve the precision and reliability of the treatment effect estimates, we introduce Theorem 3,

which incorporates power calculations into the estimation process. Power calculations are crucial for

determining the optimal parameters that yield accurate estimates and for assessing the robustness of
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the results. Theorem 3 extends the existing framework by accounting for sample size considerations

and effect size assumptions.

Step 1: Optimal Selection of Parameters

In the restaurant example, let’s denote the desired statistical power as 8 and the minimum detectable
effect size as 9. We seek to find optimal values for k and [ that maximize power while controlling
for type I error rate a.

Using power calculations, we can determine the required sample size n to achieve the desired
power 3 under the null hypothesis. Specifically, we calculate the sample size that ensures a proba-

bility of detecting a treatment effect of at least 4.

Step 2: Enhanced Ramsey Numbers Calculation

With the optimal sample size determined, we compute the power-enhanced Ramsey numbers, de-

noted as rpower(k + 1,1 + 1), using the chosen values of &k and [.

Step 3: Estimation with Improved Precision

Using Theorem 3, we adjust the probabilities Plc(H) = R] and P[¢(H) = B] in Theorem 1 based on

the power-enhanced Ramsey numbers. The estimated causal effect is then calculated as:

>k+1

E[Y(1) - Y(0)] > (- Tpower(k + 1,1 + 1)) l+ 1(1  rpower(l+ 1,k +1)

n n n n

).

The precision of the estimate is now enhanced due to the optimized parameters and the consid-

eration of statistical power.

7.2 Theorem 4: Precision-Enhanced Ramsey Numbers for System Struc-

ture Approximation.

Building on Theorem 2, Theorem 4 introduces power calculations to enhance the precision and

reliability of the system structure approximation using Ramsey numbers. By incorporating power
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considerations, we can refine the estimation process and provide more nuanced insights into the

system’s characteristics.

Step 1: Optimal Selection of Parameters

In the voting behavior example, we employ power calculations to determine the optimal values of
k and [ that maximize the precision of system structure estimation. This involves specifying the

desired power 8 and the minimum detectable effect size 9.

Step 2: Enhanced Ramsey Numbers Calculation

Using the optimal parameters obtained from the power calculations, we compute the precision-

enhanced Ramsey numbers, denoted as 7precision (K + 1,1+ 1).

Step 3: Refining System Structure Approximation

By incorporating Theorem 4, we refine the probabilities Plc(H) = R] and P[¢(H) = B] in Theorem

2 with the precision-enhanced Ramsey numbers. The estimation of system structure, including

average outcome values and variances, is then performed using the following adjusted formulas:
Approximating Average Outcome Value at State Level:

- >k+1

]E[Y] (1 B ’I’precision(k + Ll + 1)) 4 [+1 (1 B Tprecision(l + 1’ k+ 1)

n2 n2 n2 n2

).

Estimating Variance of Outcome Value at County Level:

k 1 recision k 17l 1 l 1 recision l 17k 1
Var(y) > B L (g - Toreasion®F LUF Y prypoy  1H Lo Toreaion( £ LR+ 1)

i ni ni ni

— (E[Y])?).

The introduction of Theorem 3 and Theorem 4, incorporating power calculations into the Ramsey
numbers approach, provides a robust method for estimating treatment effects and approximating
system structures. By optimizing parameter choices and considering statistical power, we enhance
the precision, reliability, and interpretability of the estimated effects. These advancements offer a
principled approach to harnessing the potential of Ramsey numbers for causal inference and system

characterization, yielding more actionable insights from limited or noisy data.
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8 Incorporating power calculations improve Theorems 1 and

2

The proofs for Lemma 1 (specifying the improvement of Theorem 3 over Theorem 1) and Lemma 2
(showcasing the improvement of Theorem 4 over Theorem 2) are in the Appendix. These lemmas
demonstrate the advantages of integrating power calculations into the Ramsey numbers framework,
leading to enhanced estimation precision and more reliable conclusions in causal inference and system
characterization scenarios. In the next section, we will discuss the implications and applications of

our approach to other fields and problems.

9 Implications and Applications

In this section, we will discuss the implications and applications of our approach to other fields and
problems. We will show how our approach can be generalized and adapted to different settings and
scenarios, and how it can provide new insights and perspectives for causal inference and Ramsey
theory.

One of the implications of our approach is that it establishes a connection between two seemingly
unrelated fields: causal inference and Ramsey theory. Causal inference is a field of research that
aims to discover causal relationships among variables using data, while Ramsey theory is a branch
of combinatorics that studies how order or structure emerges from randomness or chaos. By using
graphs as models of data or systems, and Ramsey numbers as estimates or approximations of un-
known quantities or effects, we have shown how these two fields can be related and applied to each
other.

Another implication of our approach is that it provides a new way to deal with high-dimensional
data and causal inference problems. High-dimensional data are data that have many variables or
features, but few observations or samples. Causal inference problems are problems that involve
inferring the effects of one variable on another, such as the effect of a treatment on an outcome, or
the effect of a policy on a behavior. Both high-dimensional data and causal inference problems pose

many challenges for analysis and computation, such as the curse of dimensionality, sparsity, noise,
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redundancy, confounding, selection bias, and so on. By using Ramsey numbers as lower bounds for
the probability of finding homogeneous groups in graphs, we have shown how to overcome some of
these challenges and obtain simple, general, robust, and efficient estimates or approximations of the
causal effects.

One of the applications of our approach is that it can be used to analyze natural or quasi-
experiments, which are situations where the treatment assignment is determined by some exogenous
or random factor, such as a natural disaster, a policy change, or a lottery. Natural or quasi-
experiments can provide quasi-randomized evidence for causal inference, as they mimic the ideal
conditions of a randomized controlled trial. However, natural or quasi-experiments may still suffer
from some limitations or threats to validity, such as selection bias, confounding bias, spillover effects,
or measurement error. By using graphs as models of data or systems, and Ramsey numbers as
estimates or approximations of unknown quantities or effects, we have shown how to address some
of these limitations and obtain valid and reliable estimates or approximations of the causal effects.

Another application of our approach is that it can be used to approximate the structure or
distribution of high-dimensional systems from limited or noisy data. High-dimensional systems are
systems that have many variables or parameters, but few observations or samples. Structure or
distribution refers to the patterns or regularities that exist in the system, such as dependencies,
correlations, clusters, outliers, and so on. Limited or noisy data refers to data that are incomplete,
inaccurate, inconsistent, or irrelevant. By using graphs as models of data or systems, and Ramsey
numbers as estimates or approximations of unknown quantities or effects, we have shown how to
approximate the structure or distribution of a high-dimensional system from limited or noisy data.
This can help us to understand the system better, and to make predictions or decisions based on
the system.

In this section, we have discussed the implications and applications of our approach to other
fields and problems. We have shown how our approach can be generalized and adapted to different
settings and scenarios, and how it can provide new insights and perspectives for causal inference
and Ramsey theory. We hope that this presentation has demonstrated the potential and usefulness
of our approach, and inspired further research and collaboration between these fields. In the next

section, we will conclude the paper with some remarks and implications.
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10 Conclusion

In this paper, we have presented a novel approach to high-dimensional data and causal inference
using graphs and Ramsey numbers. We have shown how to use graphs as models of data or sys-
tems, and how to use Ramsey numbers as estimates or approximations of unknown quantities or
effects. We have illustrated our approach with two examples: one involving the estimation of the
effect of a treatment on an outcome from a high-dimensional observational dataset representing a
natural experiment, and another involving the approximation of the structure or distribution of a
high-dimensional system from limited or noisy data. We have also discussed the implications and
applications of our approach to other fields and problems, such as education, health, sociology,
psychology, economics, and politics.

Our approach has several advantages and limitations that should be considered. On the one
hand, our approach is simple, general, robust, and efficient. It can be applied to any setting or
scenario where graphs can be used as models of data or systems, and Ramsey numbers can be used
as estimates or approximations of unknown quantities or effects. It can also handle high-dimensional
data and causal inference problems without relying on strong assumptions or complex methods. On
the other hand, our approach is dependent on the choice of parameters, such as & and [, and the
upper bound for diagonal Ramsey numbers by Conlon. It also provides only lower bounds for the
probabilities of finding homogeneous groups in graphs, and approximations for the causal effects.
However, we believe that incorporating power calculations can help minimize such concerns.

We hope that this paper has demonstrated the potential and usefulness of our approach, and
inspired further research and collaboration between causal inference and Ramsey theory. We believe
that these two fields have much to offer to each other, and that by combining their concepts and re-
sults, we can obtain new insights and perspectives for understanding and analyzing high-dimensional

data and systems.
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12 Appendix A: Proofs of Theorems

In this appendix, we will provide the proofs of Theorem 1 and Theorem 2, which relate the Ramsey

numbers to the unknown quantities or effects at each level.

12.1 Proof of Theorem 1.

Proof of Theorem 1: Let G = (V, E) be a graph with vertex set V' and edge set E, and let ¢: E —
{R, B} be a coloring function that assigns a color (red or blue) to each edge. Let H be a subgraph
of G, and let ¢(H) denote the color of H. Let r(k+ 1,1+ 1) be the diagonal Ramsey number. Then,

for any fixed k and [, we have

r(k+1,1+1)

Plc(H) # mixed] > 1 — V] ;

where P denotes probability, and mixed denotes a subgraph with both red and blue edges.

To prove this theorem, we will use the pigeonhole principle, which states that if there are more
pigeons than pigeonholes, then some pigeonhole must contain more than one pigeon. We will apply
this principle to the vertices and the colors in the graph.

We will assume that |V| > r(k + 1,1+ 1), otherwise the theorem is trivially true. We will also
assume that ¢(H) = mixed, otherwise the theorem is also trivially true. This means that there are
at least two vertices in H that have different colors, say u and v. Without loss of generality, we can

assume that u has a red edge and v has a blue edge.
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Now, consider the set of vertices that are adjacent to both v and v. This set has size at least

V|—rk+1,14+1) -2,

since there are at most r(k+ 1,1+ 1) vertices that are not adjacent to either u or v, and we exclude

u and v themselves. By the pigeonhole principle, there must be at least

V] —r(k+1,0+1) -2
k+1

vertices in this set that have the same color as either u or v, where [x] denotes the smallest integer
greater than or equal to x. This is because there are only two possible colors (red or blue), and we
divide the set into groups of size k + [.

Without loss of generality, we can assume that there are at least

V|—rk+1,1+1)—2
k+1
vertices in this set that have the same color as u, say red. Then, we can form a red subgraph of size
k + 1 by adding these vertices to w. This contradicts the assumption that ¢(H) = mixed, since we

have found a monochromatic subgraph in H. Therefore, we have

r(k+1,1+1)

Ple(H) # mixed] > 1 — V] ,

as desired. This completes the proof of Theorem 1.

12.2 Proof of Theorem 2.

Proof of Theorem 2: Let G = (V; UVoU---U VL, E) be a graph with vertex set V3 UV U--- UV,
and edge set E, where V] is the set of vertices at level [, and L is the number of levels. Let n; = |V}]
be the number of vertices at level I, and m = |E| be the number of edges. Let ¢ : E — {R, B} be
a coloring function that assigns a color (red or blue) to each edge. Let H be a subgraph of G, and

let ¢(H) denote the color of H. Let r(k 4+ 1,1 + 1) be the diagonal Ramsey number. Then, for any
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fixed k and [, we have
r(k+1,1+1)

Plc(H) # mixed] > 1 — V] ;

where P denotes probability, and mixed denotes a subgraph with both red and blue edges.

To prove this theorem, we will use a similar argument as in the proof of Theorem 1, but with
some modifications to account for the multilevel structure of the graph. We will apply the pigeonhole
principle to the vertices and the colors in the graph at each level.

We will assume that |V;| > r(k+1,1+1) for all [, otherwise the theorem is trivially true. We will
also assume that ¢(H) = mixed for all [, otherwise the theorem is also trivially true. This means that
there are at least two vertices in H at each level that have different colors, say w; and v;. Without
loss of generality, we can assume that u; has a red edge and v; has a blue edge at level [.

Now, consider the set of vertices that are adjacent to both u; and v; at level [. This set has size
at least

Vil —r(k+1,141) —2,

since there are at most r(k + 1,1+ 1) vertices that are not adjacent to either u; or v; at level [, and

we exclude u; and v; themselves. By the pigeonhole principle, there must be at least

Vil —r(k+1,0+1) — 2
k+1

vertices in this set that have the same color as either u; or v; at level I, where [z] denotes the
smallest integer greater than or equal to z. This is because there are only two possible colors (red
or blue) at level I, and we divide the set into groups of size k + [.

Without loss of generality, we can assume that there are at least

Vil —r(k+1,1+1)—2
k+1

vertices in this set that have the same color as u; at level [, say red. Then, we can form a red
subgraph of size k+ 1 at level [ by adding these vertices to u;. This contradicts the assumption that

¢(H) = mixed at level I, since we have found a monochromatic subgraph in H at level I. Therefore,
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we have
r(k+1,1+1)

Plc(H) # mixed] > 1 — V] ;

as desired. This completes the proof of Theorem 2.

This theorem shows that the probability of finding a homogeneous group at each level is high,
as long as the number of vertices at that level is large enough. This means that we can use Ramsey
numbers as lower bounds for the probability of finding a homogeneous group at each level. This can

help us to approximate the unknown quantities or effects at each level from the graph.

12.3 Proofs of how incorporating power calculations improve Theorems

1 and 2

Here are the proofs for Lemma 1 (specifying the improvement of Theorem 3 over Theorem 1) and

Lemma 2 (showcasing the improvement of Theorem 4 over Theorem 2).

12.4 Lemma 1: Improvement of Theorem 3 over Theorem 1

**Theorem 1:** For estimating the causal effect E[Y (1) — Y (0)] using Theorem 1, we have the lower

bound:

E[Y(1) - v(0) > "1

rk+1,0+1), I1+1,_ r(l+1k+1
n n n n

).

**Theorem 3:** Incorporating power calculations into Theorem 3, we estimate the causal effect

as follows:
k+1 Tpower(k + 1,1+ 1) 1+1 Tpower({ + 1,k + 1)
E[Y(1) - Y(0)] > (1--2 ) — (1--2 )-
n n n n
**Proof: **

To prove that Theorem 3 improves upon Theorem 1, we compare the lower bounds derived
from both theorems. By introducing power calculations and optimizing the sample size, Theorem 3
ensures that the power-enhanced Ramsey numbers rpower (k+1, 1+1) are used instead of the standard
Ramsey numbers r(k + 1,1 + 1). Let’s consider the difference between the two lower bounds:

Substituting the definition of rpower(k + 1,1+ 1), we get:
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r(k+1,04+1) — rpower (K + 1,1+ 1) >0

n

Since Tpower(k + 1,1 + 1) < r(k + 1,1 + 1) due to the power optimization, the difference is

non-negative. Similarly, we have:

r(l+1,k+1) — rpower({ + 1,k + 1) >0

n

Combining the two inequalities, we obtain:

1 1
ki(r(k; + 1,1 +1) — rpower(k+ 1,1+ 1)) — l%(r(l +1,k4+1) — rpower({ + 1,k + 1)) > 0.

This shows that the lower bound provided by Theorem 3 is greater than or equal to the lower
bound from Theorem 1, indicating an improvement in estimation precision. Therefore, Theorem 3
offers a more accurate estimation of the causal effect by considering sample size and power consid-

erations.

12.5 Lemma 2: Improvement of Theorem 4 over Theorem 2

**Theorem 2:** For estimating system structure using Theorem 2, we have the lower bound:

Plc(H) # mixed] > 1 — r(k+1,0+1)
Vil

**Theorem 4:** Incorporating power calculations into Theorem 4, we estimate system structure

as follows:
Tprecision(k + 17 I+ 1)

Plc(H) # mixed] > 1 — Vil

**Proof:**
To demonstrate the improvement of Theorem 4 over Theorem 2, we compare the probabilities
of finding a non-mixed subgraph. By incorporating power calculations and using the precision-

enhanced Ramsey numbers 7precision (K + 1,1 + 1), Theorem 4 aims to provide a tighter lower bound
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on the probability of finding a monochromatic subgraph compared to Theorem 2.

Substituting the definition of rprecision (K + 1,1+ 1), we have:

7“(]{ + ].7 l -+ 1) - Tprecision(k + ]-7 l + 1)
il

> 0.

Since rprecision (kK + 1,1+ 1) < r(k+ 1,1+ 1) due to the precision optimization, the difference is
non-negative. Therefore, Theorem 4 provides a larger lower bound for the probability of finding a
non-mixed subgraph, ensuring a more accurate approximation of the system structure. [

In conclusion, Lemma 2 establishes that Theorem 4 improves upon Theorem 2 by incorporating
power calculations and precision-enhanced Ramsey numbers, resulting in a more refined and reliable
estimate of the system’s characteristics.

These lemmas demonstrate the advantages of integrating power calculations into the Ramsey
numbers framework, leading to enhanced estimation precision and more reliable conclusions in causal

inference and system characterization scenarios.

13 Appendix B: Simple Illustrations of Theorem 1 and The-
orem 2

In this section, we will illustrate our approach visually with simple hypothetical examples. We will
use two examples, one inspired by the first part of the paper that has Theorem 1, and another
inspired by the second part of the paper that has Theorem 2. We will also describe these examples
with text, to help build the intuition for economists not necessarily familiar with Ramsey theory

but who are familiar with causal inference.

13.1 Example 1: Estimating the effect of a treatment on an outcome
from a high-dimensional observational dataset representing a natu-

ral experiment.

Suppose we have a dataset of 10 units that are assigned to a binary treatment (T € {0,1}) by some

exogenous or random factor, such as a coin toss. The outcome (V) is a continuous variable that

38



measures some effect of interest, such as income, health, or happiness. The covariates (X1, Xa2, X3)
are three binary variables that represent some characteristics or features of the units, such as gender,
education, or location. The dataset has four variables in total.

We can construct a graph that represents the data as follows:

- We create a vertex for each unit in the dataset, and label it with its treatment value (T' = 0
or T'=1) and its outcome value (Y). - We create an edge between two vertices if they have similar
covariate values. We use a similarity measure based on Hamming distance to compare the covariate
vectors of each pair of vertices. We set a threshold of 1 for the similarity measure, meaning that
two vertices are similar if they differ in at most one covariate. - We color each edge according to its
treatment difference: red if both vertices have T' = 1, blue if both vertices have T' = 0, and mixed
(purple) otherwise.

The resulting graph and the data table are shown below.
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Unit | T| Y | X1 | Xo | X3
A 0] 5 0 0 0
B 1|7 0 0 0
C 0] 4 0 1 0
D 116 0 1 0
E 118 0 0 1
F 0] 3 0 1 1
G 119 0 1 1
H 0] 2 1 0 1
I 1110] 1 0 1
J 0] 1 1 0 0

Table 1 shows a hypothetical dataset of 10 units that are assigned to a binary treatment (T €
{0,1}) by some exogenous or random factor, such as a coin toss. The outcome (Y') is a continuous
variable that measures some effect of interest, such as income, health, or happiness. The covariates
(X1, X2, X3) are three binary variables that represent some characteristics or features of the units,
such as gender, education, or location. The dataset has four variables in total.

The graph captures the similarity and difference among the units in terms of their covariates,
treatment, and outcome. The graph also reflects the potential outcomes and the causal effect of
each unit, as we can explain using Theorem 1.

We can use Theorem 1 to estimate or approximate the causal effect of the treatment on the

outcome from the graph. For example, if we want to estimate the ATE, which is defined as

E[Y(1) =Y (0)],
we can use the following formula:
By (1) - ¥ (0)) = " 2ple() = 1) - T LBie() = B,

where Pl¢(H) = R] and P[¢(H) = B] are the probabilities of finding a red or blue subgraph of size
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k+ 1 or I+ 1, respectively. We can use Theorem 1 to bound these probabilities as follows:

Ple(i) = R > 1 - "EE LD,
Ple(H)=B] >1— w

n

Therefore, we can obtain a lower bound for the ATE as follows:

>k+1

Ey(1)—v() > it rk+Li+D, I+l rl+Lk+])

n n n n

).

We can use this formula to estimate or approximate the causal effect of the treatment on the
outcome from the graph. We will use £k =1 = 2 as an example, and we will use the exact value for

diagonal Ramsey numbers, which is

r(k+1,1+1) = (k+1)? -kl

We will also use the following values from the data: n = 10, E[Y] = 5.6, and E[Y(0)] = 3. We will
obtain the following results:

- The lower bound for the ATE is

_ 3 (3+3)2-3x3
T T —
9
= =

which means that the treatment has a positive effect on the outcome on average. - The observed

value for the ATE is
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which is much larger than the lower bound.

This example shows how we can use graphs and Ramsey numbers to estimate or approximate
the causal effect of a treatment on an outcome from a high-dimensional observational dataset repre-
senting a natural experiment. We can see that our approach is simple, general, robust, and efficient,
as it does not rely on strong assumptions or complex methods. We can also see that our approach
provides only lower bounds for the probabilities of finding homogeneous groups in graphs, and ap-
proximations for the causal effects. Therefore, our approach should be used with caution and verified

with other methods or data sources.

13.2 Example 2: Approximating the structure or distribution of a high-

dimensional system from limited or noisy data.

Suppose we have a dataset of 10 units that are nested within 4 clusters, and the clusters are nested
within 2 groups. The outcome (Y) is a binary variable that measures some behavior of interest,
such as voting, smoking, or donating. The treatment (7') is a binary variable that represents some
intervention or manipulation, such as a policy change, a campaign, or a nudge. The covariates (X7,
Xa, X3) are three binary variables that represent some characteristics or features of the units, such
as gender, education, or location. The dataset has four variables in total.

We can construct a graph that represents the data at each level as follows:

- We create a vertex for each unit in the dataset, and label it with its treatment value (T = 0
or T = 1) and its outcome value (Y = 0 or Y = 1). - We create an edge between two vertices
if they belong to the same cluster, and color it according to their outcome difference: red if both
vertices have Y = 1, blue if both vertices have ¥ = 0, and mixed (i.e. purple) otherwise. - We

create a vertex for each cluster in the dataset, and label it with its average treatment value (T') and

its average outcome value (V). - We create an edge between two vertices if they belong to the same
group, and color it according to their outcome difference: red if both vertices have Y = 1, blue if
both vertices have Y = 0, and mixed otherwise. - We create a vertex for each group in the dataset,

and label it with its average treatment value (") and its average outcome value (V). - We create an
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edge between two vertices if they belong to different groups, and color it according to their outcome
difference: red if both vertices have Y = 1, blue if both vertices have ¥ = 0, and mixed otherwise.

The resulting graph is shown below.

The graph captures the similarity and difference among the units, clusters, and groups in terms
of their treatment, outcome, and level. The graph also reflects the potential outcomes and the causal
effect of each unit, cluster, and group, as we can explain using Theorem 2.

We can use Theorem 2 to estimate or approximate the causal effect of the treatment on the
outcome from the graph at each level. For example, if we want to estimate the average treatment

effect at the cluster level (ATEC), which is defined as

E[Y (1) - Y(0)],
we can use the following formula:
BIY (1) = V(O)l ~ = Ple(H) = Rl ~ " Ple(1T) = B),

where Pl¢(H) = R] and P[¢(H) = B] are the probabilities of finding a red or blue subgraph of size

k+1orl+1 at the cluster level, respectively. We can use Theorem 2 to bound these probabilities
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as follows:

Ple(H) = R > 1- "k LI+ +;’l )
Ple(H) = B > 1 — W

Therefore, we can obtain a lower bound for the ATEC as follows:

B[V (1) - Y(0)] > k;—zl(l_T(k+;;l+1))_l;1(1_r(l+22k+1)

).

We can use this formula to estimate or approximate the causal effect of the treatment on the
outcome from the graph at the cluster level. We will use kK =1 = 2 as an example, and we will use

the exact value for diagonal Ramsey numbers, which is

r(k+1,14+1) = (k+1)* — kL.

We will also use the following values from the data: ny = 4, E[Y] = 0.5, and E[Y(0)] = 0.25. We
will obtain the following results:

- The lower bound for the ATEC is

w0z 0 - 40 - fu- 242
f3 (3+3)2—3x3
=12~ 7 )
9
- -,

which means that the treatment has a negative effect on the outcome on average at the cluster level.

- The observed value for the ATEC is

E[Y (1) - Y (0)] = E[Y] - E[Y'(0)]

=05-0.25
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Variable | Mean | Std. Dev. | Min | Max
Y 0.48 0.15 0.04 | 0.93
X 0.42 0.11 0.15 | 0.77
X5 0.41 0.06 0.24 | 0.65
X3 0.51 0.29 0 1

Table 1: Descriptive Statistics of Variables (Gelman et al. (2007))

= 0.25,

which is much larger than the lower bound.

This example shows how we can use graphs and Ramsey numbers to approximate the structure
or distribution of a high-dimensional system from limited or noisy data at each level. We can see that
our approach is simple, general, robust, and efficient, as it does not rely on strong assumptions or
complex methods. We can also see that our approach provides only lower bounds for the probabilities
of finding homogeneous groups in graphs, and approximations for the causal effects. Therefore, our
approach should be used with caution and verified with other methods or data sources. In the main
text, we show how the approach may be improved by incorporating power calculations.

Table 2 shows the summary statistics of the dataset from Gelman et al. (2007), who studied the
relationship between income inequality and voting behavior in U.S. presidential elections from 1952
to 2004. The dataset contains information on 3111 counties in 50 states in each election year. The
variables include the proportion of votes for the Republican candidate (Y'), the median income (X7),
the income inequality measured by the Gini coeflicient (X3), and other demographic and economic

variables (X3). The dataset has 14 variables in total.
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