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Abstract

This paper develops a novel economic framework using Weyl geometry to explain
the emergence and persistence of economic inequality and power laws. Agents’
”effective scale” on a Weyl manifold undergoes non-integrable, path-dependent
transformations. The Weyl gauge field (Aµ) represents key economic influences
like frictions, returns to scale, and market power. Its non-integrability drives dis-
proportionate growth, naturally yielding fat-tailed distributions and structural eco-
nomic stratification. This unified, geometric approach provides new insights into
the underpinnings of persistent inequality.
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1 Introduction

The persistent and often increasing levels of economic inequality1, coupled with the ubiq-

uitous presence of power law distributions across diverse economic phenomena—from

income and wealth concentration (Pareto’s Law) to firm and city size hierarchies (Zipf’s

Law)—represent fundamental puzzles in modern economics. Traditional economic mod-

els, while adept at explaining aggregate behavior and average outcomes, often struggle to

provide a comprehensive and deeply intuitive understanding of these ”fat-tailed” distri-

butions and the extreme disparities they imply. Existing explanations frequently rely on

stochastic processes, preferential attachment mechanisms, or specific market imperfec-

tions, which, while valuable, often treat the underlying scaling behavior as a consequence

rather than an intrinsic property arising from the fundamental structure of economic

interactions.

Consider the accumulation of wealth or the growth of firms. We observe that ”the rich of-

ten get richer” at a disproportionate rate, or that larger firms tend to grow more robustly,

or even that information advantages translate into exponential gains. This suggests that

the ”value” or ”effective size” of an economic unit—a dollar, a unit of capital, a piece of

information—may not be uniform across the economic landscape. Instead, its impact, its

capacity to generate further value, or its susceptibility to transaction costs might itself

be scaled and transformed by the very economic environment in which it operates. This

implied dynamic scaling, which varies with economic position and the specific paths of

engagement, often defies simple aggregation or linear proportionality.

While differential geometry has found significant, albeit niche, applications in economics,

which have been particularly pervasive in econometrics (e.g., information geometry) and

production theory, its focus has predominantly been on Riemannian manifolds. Rieman-

nian geometry, characterized by a fixed and integrable metric, assumes that the ”length”

or ”scale” of economic quantities is globally consistent and path-independent. However,

the observed scale invariance of power laws and the path-dependent amplification of eco-

1Relevant works include Cingano (2014), Piketty, Saez, and Zucman (2022); Chancel and Piketty
(2021), and Milanovic (2024).
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nomic advantages in highly unequal systems hint at a more nuanced, flexible geometric

structure. In such contexts, the ”effective value” of economic resources might not return

to its initial ”length” after traversing a closed loop of economic activity or interaction,

suggesting a non-integrable change in scale.

This paper proposes a novel theoretical framework by introducing Weyl geometry as a

foundational mathematical tool to model these intrinsic scaling dynamics in economic

systems. Weyl geometry, a generalization of Riemannian geometry, explicitly allows for a

non-integrable change in the ”length” or ”scale” of vectors during parallel transport. Cru-

cially, this geometric flexibility is governed by a Weyl gauge field, an additional structural

component that dictates how scale transforms across the manifold. We contend that this

gauge field offers a powerful and intuitive abstraction for various underlying economic

mechanisms that generate scale-dependent behavior and persistent inequality.

Specifically, we develop a framework where the Weyl gauge field is interpreted as rep-

resenting: (i) systemic ”economic frictions” or ”rents” that disproportionately impact

economic agents based on their position and specific economic trajectories; (ii) path-

dependent ”returns to scale” or ”network effects” that amplify economic value in a non-

uniform manner; and (iii) localized ”information asymmetries” or ”market power” that

enable agents to ”re-gauge” their effective wealth or influence. By embedding economic

agents and their interactions within such a Weyl economic manifold, we aim to demon-

strate how the very structure of the economic space, through the influence of this gauge

field, can intrinsically generate and sustain the power law distributions and stark inequal-

ities observed in reality. This approach represents a significant departure from existing

methodologies, offering a unified geometric lens to understand how fundamental economic

mechanisms related to costs, returns, and power shape the scale and distribution of eco-

nomic outcomes in a path-dependent, non-integrable fashion. Our contribution seeks to

illuminate, rather than merely describe, the deep structural properties that foster persis-

tent economic stratification.

The remainder of this paper is organized as follows. Section 2 provides a concise re-
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view of the relevant literature, surveying existing economic approaches to inequality and

power laws, as well as the established applications of differential geometry in economic

theory, thereby highlighting the distinct conceptual gap our Weyl geometric framework

aims to fill. Section 3 lays the necessary mathematical foundations by formally intro-

ducing Weyl geometry, its defining properties, and the role of the Weyl gauge field.

Section 4 constitutes the core of our theoretical development, meticulously constructing

the Weyl economic manifold by defining its constituent spaces and their economic inter-

pretations, and, most critically, formally mapping the Weyl gauge field (Aµ) to specific,

micro-founded economic mechanisms encompassing localized frictions and transaction

costs, path-dependent returns to scale and network effects, and the influence of informa-

tion asymmetries and market power. Building on this, Section 5 models the behavior

and strategic interactions of economic agents within this Weyl economic manifold, deriv-

ing the fundamental growth and accumulation dynamics that arise under the influence of

the economically interpreted gauge field. Section 6 then formally demonstrates how these

dynamics, leveraging the non-integrable scaling properties inherent to Weyl geometry, in-

trinsically lead to the emergence of power law distributions in key economic variables and

contribute to the persistence of stark economic inequality. Finally, Section 7 concludes

with a discussion of the broader implications of our geometric approach, acknowledging

its limitations and outlining promising avenues for future research.

2 Literature Review

The study of economic inequality and the pervasive observation of power law distributions

across various economic phenomena have long constituted central research agendas in

economics. Concurrently, differential geometry has found increasing, albeit specialized,

applications in economic theory and econometrics. This section reviews these two distinct

bodies of literature, highlighting the conceptual gap that our proposed Weyl geometric

framework aims to bridge.
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2.1 Economic Inequality and the Genesis of Power Laws

The empirical regularity of power law distributions in economic data has been recognized

for over a century, famously exemplified by Pareto’s Law of income distribution (Pareto,

1897), which posits that a large fraction of wealth is held by a small fraction of the

population, and Zipf’s Law (Zipf, 1949) concerning city sizes and word frequencies. More

recent empirical work has confirmed their prevalence across firm size distributions (Axtell,

2001; Gabaix, 2009), stock market returns (Mandelbrot, 1963), and the dynamics of

innovation and technological diffusion (Acemoglu and Cao, 2015).

Theoretical explanations for these stylized facts typically fall into several categories.

Stochastic growth models (e.g., Gibrat, 1931; Simon, 1955; Sutton, 1997) demonstrate

that proportional random growth, particularly in combination with entry and exit, can

naturally lead to log-normal or power-law distributions. Preferential attachment mecha-

nisms (e.g., Barabási and Albert, 1999; Simon and Bonini, 1958), often framed in network

theory, illustrate how ”the rich get richer” dynamics, where existing advantages attract

further resources, can generate fat tails. ”Superstar” models (Rosen, 1981) focus on

market structures where small differences in talent or quality are greatly amplified by

technology, leading to winner-take-all outcomes. Furthermore, institutional and political

economy perspectives (e.g., Acemoglu and Robinson, 2012) emphasize how extractive

institutions and rent-seeking behavior can create persistent inequalities by concentrating

power and resources.

While these models offer valuable insights into the generative mechanisms of power laws,

they often characterize scale invariance as an outcome of specific stochastic processes or

agent interactions. They generally do not embed the concept of scale-dependent trans-

formation as a fundamental, intrinsic property of the economic ”space” itself. That is,

the metric by which economic ”lengths” or ”values” are measured is typically assumed

to be fixed and globally integrable, even if the resulting distributions are highly skewed.
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2.2 Differential Geometry in Economic Analysis

The application of differential geometry in economic theory, while less widespread than

in physics, has provided powerful tools for analyzing complex economic structures and

relationships. A prominent area is information geometry in econometrics (Amari and

Nagaoka, 2000; Chentsov, 1982), where probability distributions are viewed as points on

a Riemannian manifold, and Fisher information defines the metric. This framework has

been instrumental in understanding statistical inference, asymptotic efficiency, and the

geometry of parameter spaces.

In production theory, concepts like production functions, isoquants, and cost functions

have been analyzed using the geometry of hypersurfaces, allowing for rigorous charac-

terization of returns to scale, substitution elasticities, and technological progress (Luen-

berger, 1995). Similarly, general equilibrium theory has occasionally leveraged geometric

and topological tools to analyze the existence and stability of equilibria (Debreu, 1970).

More broadly, some aspects of finance and decision theory have explored manifold struc-

tures for preference spaces or utility functions (e.g., Maccheroni et al., 2006).

Critically, the vast majority of these applications operate within the framework of Rie-

mannian geometry. A central assumption of Riemannian manifolds is the existence of

an integrable metric tensor, implying that the ”length” or ”magnitude” of vectors (and

thus economic quantities) remains unchanged when transported along a closed loop. In

economic terms, this means that the underlying scale or value of economic resources is

considered fundamentally independent of the path taken through the economic system.

While incredibly useful for modeling situations where fixed reference points and consistent

measures are appropriate, this integrability assumption inherently limits the capacity of

Riemannian geometry to capture phenomena where the very ”scale” of economic units is

path-dependent and non-integrable, such as the disproportionate and irreversible advan-

tages observed in extreme economic inequality.
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2.3 The Uncharted Territory: Scale Invariance and Non-Integrable

Geometries

Despite the rich contributions of geometry to economic analysis, the specific domain of

non-integrable geometries, such as Weyl geometry, remains largely unexplored in eco-

nomic theory. The existing literature, while recognizing the empirical reality of power

laws and their inherent scale invariance, primarily explains these phenomena through

stochastic or agent-based models without explicitly endowing the economic ”space” itself

with a dynamic, scale-transforming metric. The crucial distinction lies between phe-

nomena that exhibit scale invariance as an outcome, and a geometric framework that

inherently models the mechanisms by which scale itself is transformed and re-gauged

within the system.

Our work represents a significant departure by directly importing the core conceptual

insights of Weyl geometry—its allowance for a non-integrable change in length or scale as

one traverses the manifold—into the economic domain. By interpreting the Weyl gauge

field as embodying fundamental economic mechanisms that modulate scale (e.g., path-

dependent frictions, returns, and market power), we propose a novel framework that can

provide a deeper, structural explanation for the pervasive nature of power laws and the

genesis of persistent economic inequality. This approach moves beyond simply describing

observed distributions to furnishing a rigorous geometric foundation for the very processes

that generate scale-dependent economic advantages and disadvantages.

3 Mathematical Foundations of Weyl Geometry

This section introduces the essential mathematical concepts of Weyl geometry, a gener-

alization of Riemannian geometry that is central to our proposed economic framework.

While a comprehensive exposition of differential geometry is beyond the scope of this pa-

per, we provide the key definitions and properties necessary for understanding our model.

Readers familiar with Riemannian geometry will find the distinctions, particularly con-

cerning the notion of ”length” and ”parallel transport,” to be of primary importance.
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3.1 The Manifold and Metric Structure

We begin with an n-dimensional smooth manifold M. Points on this manifold, denoted

by x ∈ M, represent the ”states” or ”configurations” within our economic system. A

tangent space TxM is associated with each point x, consisting of all possible ”directions”

or ”changes” from that state.

In Riemannian geometry, a metric tensor gµν(x) is defined at each point x, providing a

means to measure lengths of vectors and angles between them. This metric is symmetric

(gµν = gνµ) and non-degenerate. The square of the length of a vector V µ is given by

||V ||2 = gµνV
µV ν . A crucial characteristic of Riemannian geometry is that this metric

is integrable in the sense that the length of a vector remains constant under parallel

transport around any closed loop on the manifold.

Weyl geometry relaxes this integrability condition. While it still employs a metric tensor

gµν(x), the notion of length is modified. In Weyl geometry, the metric is defined up to

a local scaling factor. Specifically, if gµν is a Weyl metric, then for any smooth scalar

function λ(x) on M, e2λ(x)gµν(x) represents the same Weyl geometry. This property is

known as conformal invariance.

The defining feature of Weyl geometry is that the length of a vector can change when it

is parallel transported. The magnitude of a vector V µ at a point x is given by its ”Weyl

length,” which we can denote as ℓ(V ) =
√
gµνV µV ν . However, when transported along

a path, this length is not necessarily conserved.

3.2 The Weyl Connection and Gauge Field

The concept of parallel transport, which defines how vectors are moved along paths on

the manifold, is governed by a connection. In Riemannian geometry, this is typically the

Levi-Civita connection, which is uniquely determined by the metric and ensures that the

metric is preserved under parallel transport (i.e., lengths remain constant).

In Weyl geometry, the connection is not solely determined by the metric. Instead, it is

8



augmented by a one-form, known as the Weyl gauge field or Weyl vector field, denoted

by Aµ(x). The components of the Weyl connection, Γρ
µν , are given by:

Γρ
µν = {ρµν} − gρσ(Aµgνσ + Aνgµσ − Aσgµν)

where {ρµν} are the Christoffel symbols of the second kind, derived from the metric gµν

as in Riemannian geometry (i.e., the Levi-Civita connection components). The term

involving Aµ introduces the fundamental difference.

The gauge field Aµ acts as a compensating field that ensures the ”length” of a vector

changes in a specific, non-integrable manner during parallel transport. Specifically, under

parallel transport, the change in the logarithm of the length of a vector V µ along a path

parameterized by t is given by:

d ln(||V ||)
dt

= Aµ
dxµ

dt

Integrating this expression along a path γ from x1 to x2, the change in length is:

ln(||V ||x2)− ln(||V ||x1) =

∫ x2

x1

Aµdx
µ

If the path is a closed loop, the integral
∮
Aµdx

µ does not necessarily vanish. This

implies that upon returning to the starting point, the length of a vector that was parallel

transported around a closed loop can be different from its initial length. This non-

integrability of length is the hallmark of Weyl geometry and is directly attributable to

the presence of a non-zero Weyl gauge field Aµ.

3.3 Gauge Transformations and Invariance

A key property of Weyl geometry is its invariance under gauge transformations. A gauge

transformation involves a simultaneous rescaling of the metric and a transformation of

the gauge field:

gµν → g̃µν = e2σ(x)gµν
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Aµ → Ãµ = Aµ − ∂µσ(x)

where σ(x) is an arbitrary smooth scalar function. Under these transformations, the

fundamental geometric properties, such as the Weyl connection Γρ
µν , remain invariant.

This ”gauge freedom” allows for flexibility in the choice of metric while preserving the

underlying physical (or, in our case, economic) structure defined by the geometry. The

choice of σ(x) effectively redefines the local ”unit of length” without altering the intrinsic

geometric relationships or the path-dependent scaling behavior.

This concludes our mathematical exposition of Weyl geometry. With these foundations,

we are now equipped to interpret these abstract concepts in a meaningful economic con-

text, particularly focusing on the role of the Weyl gauge field in shaping economic out-

comes.

4 The Weyl Economic Manifold: Construction and

Interpretation

Building upon the mathematical foundations established in Section 3, we now construct

the Weyl Economic Manifold and provide a rigorous economic interpretation for its geo-

metric elements, particularly the metric and the crucial Weyl gauge field. This framework

aims to capture the intrinsic, path-dependent scaling of economic value and opportunity,

offering a novel perspective on the dynamics of inequality and the emergence of power

laws.

4.1 The Economic Manifold and its Metric

Let our n-dimensional smooth manifold, Mecon, represent the state space of an economic

system or the characteristic space of economic agents. Each point x ∈ Mecon corresponds

to a specific economic configuration or the state of an economic agent. The coordinates

xµ could represent a vector of salient economic attributes, such as:

• Aggregate wealth or capital (W )

10



• Individual or firm income (Y )

• Production capacity or market share (Q)

• Technological advancement or human capital (H)

• Institutional quality or social capital (S)

For simplicity, we often consider a lower-dimensional projection of this space, for instance,

focusing on wealth as a primary coordinate, while other dimensions might capture factors

influencing the accumulation process.

The economic metric tensor, gµν(x), defined at each point x ∈ Mecon, provides a localized

measure of ”economic distance” or ”proximity” between economic states. While a full

specification of gµν is context-dependent, its purpose is to quantify the relative significance

or difference between marginal changes in economic attributes. For example, ds2 =

gµνdx
µdxν could represent the ”cost” or ”effort” associated with moving between adjacent

economic states, or the perceived ”distance” in terms of opportunity or welfare.

Crucially, in our Weyl economic manifold, the economic metric gµν(x) is understood to

be defined only up to a local scaling factor. This reflects the notion that the ”effective

value” or ”utility” of a unit of wealth or capital may not be universally fixed but rather

depends on the specific location within the economic landscape. A dollar might ”feel” or

”function” differently in an environment of extreme wealth concentration compared to a

more egalitarian setting, even if its nominal value is unchanged.

4.2 Interpreting the Weyl Gauge Field: Aµ as Economic Influ-

ence Vector

The core innovation of our framework lies in the economic interpretation of the Weyl

gauge field, Aµ(x). This one-form dictates how the ”effective scale” or ”economic power”

of an entity changes as it traverses the economic manifold. Unlike the Christoffel symbols

derived solely from the metric, Aµ introduces an independent source of geometric distor-

tion that directly relates to the non-integrable scaling observed in economic outcomes.
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We propose three interconnected interpretations for Aµ, each capable of explaining scale-

dependent behavior and contributing to inequality:

4.2.1 Friction/Transaction Cost Gauge

In this interpretation, Aµ(x) represents a vector field whose components signify the lo-

calized, path-dependent ”economic friction,” ”transaction costs,” ”barriers to entry,” or

”rent-seeking opportunities” encountered by an economic agent when attempting to alter

their economic state (e.g., accumulate wealth, expand market share). The direction of

Aµ at a given point indicates the steepest gradient of these frictions.

Aµ ∝ ∇µ(Economic Frictions / Rent-Seeking Potential)

Moving along a path dxµ on the manifold, the term Aµdx
µ quantifies the instantaneous

”scaling cost” or ”benefit” incurred due to these frictions. For instance, in a highly

unequal society, the ”cost” (or negative scaling factor) of upward mobility for agents

with limited resources might be significantly higher than for those already at the top,

or certain paths of wealth accumulation (e.g., through regulatory capture) might offer

disproportionate ”scaling benefits” (negative costs, or ”rents”). The non-integrability

of
∫
Aµdx

µ around a closed loop implies that the accumulated ”scaling cost” is path-

dependent; one cannot simply undo economic actions to revert to the original effective

scale.

4.2.2 Returns to Scale/Network Effect Gauge

Alternatively, Aµ(x) can be interpreted as a field encoding the localized and path-

dependent elasticity of returns to scale or the strength of network effects. This means

that the amplification of economic value from increasing size is not uniform across the

manifold but contingent on the specific trajectory.

Aµ ∝ ∇µ(Log-Returns to Scale / Network Centrality)

12



In this view, Aµdx
µ measures the instantaneous ”boost” or ”penalty” to an entity’s scale

as it moves in dxµ direction. Economic agents operating in environments characterized

by strong increasing returns (e.g., technology platforms, financial markets) or powerful

network externalities (e.g., social media, information-based industries) experience a re-

gauging of their effective size that is multiplicative. The non-integrability signifies that

the benefits of scale accumulated along a particular path (e.g., early mover advantage,

strategic acquisitions) are not easily reversible, leading to persistent size advantages and

thus, power-law distributions.

4.2.3 Information Asymmetry/Market Power Gauge

A third interpretation views Aµ(x) as a vector field representing the local influence of

information asymmetries or the ability to exert market power. These factors allow certain

agents or firms to disproportionately ”re-gauge” their effective economic size.

Aµ ∝ ∇µ(Information Advantage / Market Power Density)

Here, Aµdx
µ reflects the instantaneous change in ”effective economic leverage” gained or

lost by navigating regions of varying information access or market concentration. Agents

capable of exploiting information advantages (e.g., insider trading, superior data analyt-

ics) or wielding significant market power (e.g., monopolistic pricing, control over essential

infrastructure) effectively operate in a ”warped” economic space where their accumulated

value is disproportionately amplified. The non-integrability implies that established mar-

ket power or informational superiority provides irreversible scale advantages, contributing

directly to the concentration of wealth and market share observed in highly unequal eco-

nomic landscapes.

4.3 Economic Implications of Non-Integrable Scale

The defining feature of Weyl geometry in this context is the non-integrability of length,

which translates to a path-dependent, irreversible transformation of economic scale. If
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an agent or firm traverses a closed loop in the economic manifold, its final effective scale

(e.g., wealth, market share) can differ from its initial scale. Formally, this is captured by

the integral
∮
Aµdx

µ ̸= 0.

This non-integrability directly underpins the emergence of **persistent economic inequal-

ity** and **power law distributions**. It means that:

• Path Matters: The specific sequence of economic decisions or environmental condi-

tions encountered by an agent profoundly affects their long-term economic outcome,

beyond mere cumulative effects.

• Irreversibility of Advantage/Disadvantage: Gains (or losses) in economic scale are

not easily undone. Agents who successfully navigate regions of the manifold where

Aµ grants positive scaling benefits accumulate advantages that become progressively

harder for others to match.

• Structural Inequality: Inequality arises not merely from initial endowments or ran-

dom shocks, but from the very geometry of the economic space, which systematically

favors certain trajectories or positions by continually ”re-gauging” economic value.

—

4.4 Economic Significance of Gauge Transformations

The gauge transformations in Weyl geometry, where gµν → e2σ(x)gµν and Aµ → Aµ −

∂µσ(x), also carry profound economic meaning. The scalar function σ(x) can be inter-

preted as a re-normalization of the economic ”units of account” or ”perception of value”

across the manifold. For instance, a societal shift in how wealth is perceived or valued

(e.g., due to inflation, or a change in social norms valuing different types of capital) would

correspond to such a transformation. Importantly, while this changes the local scale of the

metric, the underlying economic structure—represented by the Weyl connection—remains

invariant. This implies that the fundamental mechanisms driving path-dependent scale

transformations (e.g., the frictions, returns, or market power potentials embedded in Aµ)
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are robust to mere re-scalings of economic units.

This section has laid out the conceptual mapping from Weyl geometry to economic phe-

nomena. We now proceed to model the behavior of economic agents within this geomet-

rically defined space, aiming to demonstrate how these interactions naturally lead to the

observed patterns of inequality and power laws.

5 Economic Agent Behavior and Dynamics on the

Weyl Manifold

Having established the conceptual framework of the Weyl Economic Manifold and the

economic interpretations of its gauge field, we now turn to modeling the behavior of

economic agents within this geometrically structured space. This section formalizes how

agents’ actions and their interactions with the gauge field lead to specific dynamic paths,

fundamentally shaping the evolution of their ”effective economic scale” and setting the

stage for the emergence of highly skewed distributions.

5.1 Economic Agents and Their Strategic Evolution

We consider a population of heterogeneous economic agents, which could represent indi-

viduals, households, firms, or even sectors. Each agent i at time t is characterized by its

state xi(t) ∈ Mecon. For instance, xi(t) might capture agent i’s wealth, capital stock, or

market share. Agents are assumed to pursue objectives common in economic theory, such

as wealth maximization, profit growth, or utility optimization. Their strategic decisions

and actions translate into trajectories on the economic manifold.

The ”economic velocity” of agent i is given by V µ
i (t) =

dxµ
i (t)

dt
, representing the rate

and direction of change in their economic state. This velocity is determined by agents’

decisions (e.g., investment choices, innovation efforts, market entry/exit) in response to

prevailing economic conditions, which include the local structure of the Weyl economic

manifold, specifically the metric gµν and the gauge field Aµ.
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5.2 Dynamics of Effective Economic Scale

A central tenet of our framework is that an agent’s ”effective economic scale” or ”economic

power,” denoted by ℓi(t), is not merely its nominal value but is dynamically modulated by

the Weyl gauge field Aµ as the agent traverses the economic manifold. This effective scale

captures the capacity of an economic unit to generate further value, influence economic

outcomes, or resist adverse shocks, and is precisely what leads to disproportionate growth.

The change in an agent’s effective scale is governed by the fundamental property of

Weyl geometry concerning the non-conservation of length under parallel transport. If an

agent’s ”current economic state” at xi(t) can be thought of as a vector whose magnitude

represents its effective scale ℓi(t), then its evolution is given by:

d ln(ℓi(t))

dt
= Aµ(xi(t))

dxµ
i (t)

dt

This differential equation states that the instantaneous logarithmic growth rate of an

agent’s effective scale is directly proportional to the projection of its economic velocity

V µ
i (t) onto the Weyl gauge field Aµ(xi(t)). Integrating this expression along an agent’s

trajectory from an initial state xi,0 at t0 to xi(t) at time t, we obtain the agent’s effective

scale:

ℓi(t) = ℓi(t0) exp

(∫ t

t0

Aµ(xi(τ))
dxµ

i (τ)

dτ
dτ

)
where ℓi(t0) is the agent’s initial effective scale.

This equation formalizes how the economic interpretations of Aµ from Section 4 directly

drive the dynamics of effective scale:

• If Aµ represents economic frictions/rents, agents moving through regions where

Aµ points along their direction of progress (e.g., increasing wealth) will experience

a relative reduction in ”friction” or an amplification due to ”rents,” leading to

accelerated growth in effective scale.

• If Aµ reflects returns to scale/network effects, moving along paths where Aµ is

aligned with the direction of increasing size implies that the agent is leveraging
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increasing returns or stronger network effects, resulting in super-linear growth in

effective scale.

• If Aµ signifies information asymmetry/market power, then an agent’s movement

into regions with greater information advantage or market dominance leads to a

disproportionate re-gauging of its economic influence and effective size.

The crucial aspect here is the path-dependence introduced by the non-integrability of∫
Aµdx

µ. An agent’s final effective scale is not solely determined by its initial and final

states, but critically by the specific trajectory taken through the economic manifold. This

implies that different historical paths, even if they end at the same nominal economic

state, can lead to vastly different effective economic power.

5.3 The Interplay of Agent Dynamics and the Gauge Field

The dynamics described above imply a powerful feedback loop. Agents, in their pursuit

of economic objectives, will strategically attempt to choose paths dxµ/dt that align with

(or exploit) the direction of the Weyl gauge field Aµ to maximize the growth of their

effective scale ℓi(t). This means agents will naturally gravitate towards or seek to create

trajectories that offer the most favorable ”re-gauging” opportunities.

For instance, if Aµ is high and positively correlated with movements into wealthier states,

agents will strive to increase their wealth. However, the exact form of Aµ(x) itself is

typically an emergent property of the aggregate economic environment and its underlying

institutional, technological, and market structures. In a highly unequal system, the gauge

field might exhibit strong spatial variations, creating ”ridges” of high positive Aµ for

agents already possessing significant scale, thereby reinforcing their growth and making

it harder for others to catch up.

The collective behavior of a large number of such agents, each evolving according to

these scale-dependent dynamics, gives rise to the macroscopic distribution of economic

attributes. The non-integrable nature of the effective scale ensures that accumulated ad-

vantages are durable and difficult to reverse, providing a robust geometric foundation for
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the observed concentration of wealth and power. The next section will formally demon-

strate how these scale dynamics, driven by the Weyl gauge field, lead to the characteristic

features of power law distributions.

6 Emergence of Power Laws and Persistent Inequal-

ity

This section bridges the dynamic evolution of economic agents on the Weyl manifold

(Section 5) with the observable phenomena of power law distributions and persistent

economic inequality. We demonstrate how the non-integrable scaling properties inherent

in our framework provide a fundamental, geometric explanation for these widespread

empirical regularities, moving beyond purely stochastic or microfoundational accounts.

6.1 The Mechanism of Disproportionate Growth

Recall from Section 5 that an agent i’s effective economic scale, ℓi(t), evolves according

to:

ℓi(t) = ℓi(t0) exp

(∫ t

t0

Aµ(xi(τ))
dxµ

i (τ)

dτ
dτ

)
Let V µ

i (t) =
dxµ

i (t)

dt
denote the economic velocity of agent i, representing the rate and

direction of change in its economic state. The instantaneous effective growth rate of an

agent’s scale is thus given by d ln(ℓi(t))
dt

= Aµ(xi(t))V
µ
i (t).

The term Ki(t) =
∫ t

t0
Aµ(xi(τ))V

µ
i (τ)dτ encapsulates the **accumulated effective scal-

ing** experienced by agent i along its specific path xi(τ) from t0 to t. This integral is

path-dependent due to the non-integrability of the Weyl gauge field Aµ. Importantly,

Ki(t) is not simply a linear accumulation of nominal gains; it represents a multiplicative

factor applied to the agent’s scale, determined by the interaction between its trajectory

and the underlying structure of the economic gauge field.

This mechanism directly implies a process of disproportionate growth or cumulative advan-

tage. Agents that, by virtue of their initial position, strategic choices, or even stochastic
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shocks, traverse regions of the economic manifold where the projection AµV
µ
i is con-

sistently high, will experience exponentially faster growth in their effective scale ℓi(t)

compared to agents whose paths lead them through regions with lower or even nega-

tive projections. This differential accumulation of Ki(t) is the core driver of economic

stratification in our framework.

6.2 Formation of Power Law Distributions

The exponential relationship ℓi(t) = ℓi(t0)e
Ki(t) provides the crucial link to power law

distributions. If the accumulated effective scaling Ki(t) across a population of heteroge-

neous agents becomes sufficiently dispersed, specifically if Ki(t) can grow without bound

for a subset of agents, the resulting distribution of ℓi(t) will exhibit a power-law tail.

Consider a simplified scenario where agents undertake various economic activities that

contribute to their state evolution. Due to the non-integrable nature of Aµ, certain paths

through the economic manifold yield significantly higher values of Ki(t). These ”high-

return paths” might correspond to:

• Exploiting unique rent-seeking opportunities (if Aµ is a friction/rent gauge).

• Benefiting from super-linear returns in specific industries or network clusters (if Aµ

is a returns-to-scale/network effect gauge).

• Leveraging superior information or market power in critical sectors (if Aµ is an

information/market power gauge).

Agents who access, discover, or effectively exploit these paths will accumulate Ki(t)

at a much faster rate. Over time, the distribution of Ki(t) across the population will

become skewed, with a few agents achieving extremely high values. Because ℓi(t) is an

exponential function of Ki(t), even a modest right-tail in the distribution of Ki(t) will

translate into a ‘fat tail‘ for ℓi(t), characteristic of a power law. For instance, if Ki(t)

follows an exponential distribution in its tail, ℓi(t) will follow a Pareto distribution.

Furthermore, if agents’ choices of V µ
i (t) are themselves influenced by their current scale
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ℓi(t) (e.g., wealthier agents can make larger investments, larger firms can exploit network

effects more effectively), a positive feedback loop is established. This endogenous mech-

anism reinforces the differential growth, propelling agents on advantageous paths even

further ahead, and making the formation of power laws an intrinsic outcome of the Weyl

economic manifold’s structure rather than a mere stochastic artifact.

6.3 Persistent Inequality as a Geometric Outcome

The geometric structure of the Weyl manifold, specifically the non-integrability of the

gauge field Aµ, provides a profound explanation for the persistence of economic inequality.

In a Riemannian setting, any path-dependent gain would ultimately be reversible or

integrable over a closed loop, suggesting a natural tendency towards a more ”balanced”

distribution in the long run, absent continuous external shocks. However, in our Weyl

framework:

• Irreversible Advantages: The benefits accumulated along a favorable economic path,

captured by the value of Ki(t), are not simply undone by traversing a reverse path.

This means that advantages gained (or disadvantages incurred) become ”baked

into” an agent’s effective scale, leading to durable stratification.

• Structural Entrenchment: The very form of the Weyl gauge field, shaped by in-

stitutional, technological, and market structures, can create inherent ”gradients”

that systematically favor agents already at higher economic scales or those with

access to specific advantageous paths. For example, if Aµ aligns with the direction

of increasing wealth (W ) in regions of high W , then the ”effective cost” of holding

wealth or the ”effective return” on capital might be lower for the already wealthy,

perpetuating their lead.

• Amplification of Initial Heterogeneity: Even small initial differences in endowments

or small random variations in early path choices can be exponentially amplified over

time by the non-integrable scaling, leading to vast disparities in effective scale and,

consequently, in observable economic outcomes.
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Thus, persistent inequality is not just a result of disparate initial conditions or continu-

ous exogenous shocks, but is an intrinsic, geometrically determined outcome of economic

activity unfolding on a Weyl manifold. The framework illuminates how fundamental

economic mechanisms—captured by the components of Aµ—are not merely statistical

drivers but define a warped economic space that inherently fosters and entrenches eco-

nomic stratification and extreme distributions.

7 Discussion and Conclusion

This paper has introduced a novel theoretical framework that employs Weyl geometry

to illuminate the underlying mechanisms driving persistent economic inequality and the

pervasive emergence of power law distributions. By moving beyond the conventional

applications of Riemannian geometry in economics, we have posited that the ”effective

scale” or ”value” of economic entities is not uniformly fixed, but rather undergoes non-

integrable, path-dependent transformations dictated by a Weyl gauge field inherent to

the economic landscape.

7.1 Key Contributions and Implications

Our primary contribution lies in formally constructing a Weyl economic manifold and

providing concrete economic interpretations for the components of the Weyl gauge field

(Aµ). We have proposed that Aµ effectively models: (i) localized economic frictions or

rent-seeking opportunities that disproportionately affect agents based on their position

and actions; (ii) path-dependent returns to scale or network effects that amplify economic

value in a non-uniform manner; and (iii) the influence of information asymmetries or

market power that re-gauge effective economic leverage.

The central insight derived from this framework is that persistent inequality and power

laws are not merely statistical artifacts or outcomes of purely stochastic processes, but

rather intrinsic features arising from the geometric structure of the economic space itself.

The non-integrability property of the Weyl connection means that advantages (or disad-
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vantages) accumulated along specific economic trajectories are durable and irreversible.

This provides a compelling geometric rationale for ”cumulative advantage” mechanisms,

where small initial differences or strategic path choices can be exponentially amplified

by the interaction with the Weyl gauge field, leading to a natural and robust explana-

tion for fat-tailed distributions and extreme stratification. Our model suggests that the

fundamental processes of economic growth and wealth accumulation are fundamentally

”warped” by these scale-modulating forces, systematically favoring certain agents and

perpetuating disparities.

This approach offers a unified lens through which to conceptualize disparate microeco-

nomic mechanisms—such as transaction costs, network effects, and market power—as

manifestations of a deeper geometric structure that dictates how economic value scales.

It underscores the profound influence of institutional, technological, and market designs

that shape the underlying ”economic gauge field,” thereby structurally impacting the

distribution of wealth and opportunities.

7.2 Limitations and Caveats

As a foundational theoretical framework, this paper necessarily operates at a high level

of abstraction and comes with several limitations. First, the specific functional forms of

the economic metric gµν and, more critically, the Weyl gauge field Aµ, are not derived

from first principles within this paper. While we have provided conceptual interpreta-

tions, a rigorous microfoundation for how agent interactions or exogenous factors give

rise to a particular Aµ(x) field remains an important area for future work. Second, the

direct empirical measurement of a Weyl gauge field in economic data presents a signif-

icant challenge, requiring innovative econometric techniques to proxy and estimate its

components. Third, the current model simplifies agent behavior, primarily focusing on

how their effective scale changes given a path; more complex optimization problems for

agents navigating such a manifold could yield further insights but would considerably

increase the mathematical complexity. Finally, while the framework illuminates the *ex-

istence* and *persistence* of inequality, it does not explicitly detail the precise conditions
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or parameters under which various types of power laws (e.g., Pareto exponents) would

emerge, which would require a more detailed specification of the underlying stochastic

processes or deterministic growth models.

7.3 Future Research Directions

The theoretical framework presented here opens several promising avenues for future

research.

• Microfoundations of Aµ: Developing explicit models where the Weyl gauge field

Aµ(x) emerges endogenously from the strategic interactions of economic agents,

institutional designs (e.g., property rights, regulatory capture), or technological ad-

vancements (e.g., digital platforms, AI) would significantly enhance the explanatory

power of the framework. This could involve game-theoretic approaches or dynamic

systems analysis.

• Stochastic Agent Behavior: Integrating stochastic elements into agent paths on

the Weyl manifold (e.g., random walks combined with drift influenced by Aµ) could

provide more direct analytical derivations of specific power law exponents and their

relationship to the properties of the gauge field.

• Empirical Applications and Measurement: Identifying observable proxies for

the components of Aµ (e.g., measures of regulatory complexity, network centrality

indices, market concentration ratios, data on returns to capital across different

scales/sectors) and testing their correlation with the observed dynamics of wealth

or firm size distributions. This could involve developing novel econometric methods

suitable for geometric data.

• Policy Implications: Exploring how policy interventions (e.g., progressive tax-

ation, antitrust regulation, universal basic services, open access to information)

could effectively ”re-gauge” the economic manifold, altering the Aµ field to flatten

the landscape of returns to scale, reduce economic friction for the less advantaged,

or diminish disproportionate market power, thereby fostering more equitable out-
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comes.

• Alternative Economic Spaces: Applying the Weyl geometric framework to other

economic phenomena exhibiting scale invariance, such as innovation diffusion, urban

growth, or the dynamics of knowledge accumulation, to uncover shared geometric

principles.

By offering a robust geometric language to describe the scale-dependent transformations

of economic value, our Weyl economic manifold framework provides a fertile ground for

deeper theoretical inquiry into the fundamental drivers of economic inequality and the

pervasive nature of power laws. It encourages economists to consider how the very struc-

ture of the economic environment shapes, rather than merely reflects, the distribution of

economic outcomes.
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Appendix A: Supplementary Material

This Appendix provides additional mathematical details, derivations, and illustrative

examples that complement the main text. Its purpose is to ensure the full mathematical

rigor of our proposed framework while maintaining clarity and focus in the primary

exposition.

7.4 A.1. Deeper Mathematical Properties of Weyl Geometry

This subsection will go into more advanced mathematical aspects of Weyl geometry, in-

cluding a detailed derivation of the curvature tensors (Weyl tensor, Ricci tensor, scalar

curvature) in Weyl geometry. It will also explicitly present the transformation laws for

these quantities under gauge transformations, providing a more comprehensive back-

ground to the mathematics presented in Section 3.

Appendix A: Supplementary Material

A.1. Deeper Mathematical Properties of Weyl Geometry

This subsection elaborates on the foundational mathematical concepts of Weyl geometry

introduced in Section 3, providing a more detailed exposition of its connection, curvature,

and conformal properties. Understanding these deeper aspects is crucial for appreciating

how the Weyl gauge field fundamentally alters the geometry of the manifold and its

implications for economic scaling.
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A.1.1. The Weyl Connection Revisited

As defined in Section 3, the Weyl connection Γρ
µν is given by:

Γρ
µν = {ρµν} −

1

2
gρσ(Aµgνσ + Aνgµσ − Aσgµν)

Here, {ρµν} are the Christoffel symbols of the second kind, derived solely from the metric

gµν , representing the Levi-Civita connection. The second term explicitly introduces the

influence of the Weyl gauge field Aµ. This connection is metric-compatible in a generalized

sense: under parallel transport of a vector V µ along a curve, its length changes according

to d ln ||V || = Aµdx
µ. This means that while gµνV

µV ν is not strictly conserved, its change

is governed by Aµ.

A.1.2. Curvature in Weyl Geometry

The curvature of a manifold measures how much parallel transport around a closed loop

distorts a vector. In Weyl geometry, the presence of the gauge field Aµ modifies the

standard Riemannian curvature tensors.

Riemann Curvature Tensor: The Riemann curvature tensor Rρ
σµν is derived from

the connection coefficients:

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ

Substituting the expression for Γρ
µν from the Weyl connection, the Riemann tensor in

Weyl geometry contains terms involving Aµ and its derivatives, in addition to the terms

from the Levi-Civita connection.

Ricci Tensor and Scalar Curvature: The Ricci tensor Rµν is obtained by contracting

the Riemann tensor (Rµν = Rλ
µλν), and the Ricci scalar R is a further contraction (R =

gµνRµν). Crucially, unlike the Riemann tensor itself, the **Ricci tensor and Ricci scalar

are NOT conformally invariant**. Under a gauge transformation (gµν → g̃µν = e2σ(x)gµν
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and Aµ → Ãµ = Aµ − ∂µσ(x)), the Ricci tensor transforms as:

R̃µν = Rµν − (n− 2)(∇µ∂νσ − ∂µσ∂νσ)− gµν((n− 2)∇λ∂λσ − (n− 1)∂λσ∂λσ)

Similarly, the Ricci scalar transforms non-trivially. This non-invariance means that Rµν

and R change depending on the choice of local ”unit of length” (gauge). In an eco-

nomic context, this implies that measures of average curvature or ”global tension” in the

economic manifold are gauge-dependent; they depend on how we choose to define the

nominal scale of economic quantities.

A.1.3. The Conformal Weyl Tensor

To extract the intrinsic, scale-independent ”shape” of the manifold, the **Weyl tensor**,

W ρ
σµν , is introduced. It is constructed from the Riemann tensor, Ricci tensor, and Ricci

scalar in such a way that it becomes **conformally invariant**. That is, W ρ
σµν remains

unchanged under any gauge transformation:

W ρ
σµν = Rρ

σµν −
1

n− 2
(gσµR

ρ
ν − gσνR

ρ
µ+ δρνRσµ− δρµRσν)+

1

(n− 1)(n− 2)
(gσµδ

ρ
ν − gσνδ

ρ
µ)R

where Rρ
ν = gρσRσν . The significance of the Weyl tensor is that it captures the part of

the curvature that cannot be ”scaled away” by a gauge transformation. In other words,

it describes the **conformal curvature** or the ”intrinsic distortion” of the manifold,

independent of any arbitrary choice of local scale. In our economic framework, this im-

plies that certain fundamental aspects of economic stratification and the path-dependent

nature of economic opportunity are invariant to how we choose to normalize or define

economic units. It is a measure of the non-uniformity of economic space that persists re-

gardless of scaling conventions. For n = 3, the Weyl tensor vanishes identically, meaning

all curvature can be eliminated by a suitable conformal transformation. For n ≥ 4, it is

a non-trivial measure of conformal curvature.
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A.1.4. The Curvature of the Gauge Field and Non-Integrability

The non-integrability of length in Weyl geometry is directly related to the ”curvature”

of the gauge field Aµ. This ”curvature” is captured by the **field strength tensor** of

Aµ, defined as:

Fµν = ∂µAν − ∂νAµ

This tensor is anti-symmetric (Fµν = −Fνµ). The non-vanishing of Fµν at a point indicates

the presence of a ”force” field associated with Aµ. Critically, the line integral of Aµ around

a closed loop C is directly related to the flux of Fµν through any surface S bounded by C

(Stokes’ Theorem): ∮
C
Aµdx

µ =
1

2

∫∫
S
Fµνdσ

µν

where dσµν is the surface element. Thus, the condition for non-integrability of length

(
∮
Aµdx

µ ̸= 0) is precisely that the **curl of the gauge field (Fµν) is non-zero**. Eco-

nomically, this means that the ”economic influence vector” Aµ (representing frictions,

returns to scale, or market power) is not a conservative field. Traversing different se-

quences of economic actions or states can lead to different net cumulative scaling effects,

even if the start and end points are the same. This formalizes the path-dependency de-

scribed in Section 5, rooting it in the fundamental mathematical properties of the Weyl

gauge field.

7.5 A.2. Formal Specification of Economic Interpretations for

Aµ

Building on the conceptual interpretations in Section 4, this subsection will offer more

formal specifications and potential microfoundations for the economic interpretations of

the Weyl gauge field Aµ(x). For each interpretation (friction/transaction costs, returns

to scale/network effects, information asymmetry/market power), we will present simpli-

fied toy models or functional forms for Aµ(x) that could arise from specific economic

environments, illustrating how these mechanisms could structure the economic manifold.
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This subsection elaborates on the conceptual interpretations of the Weyl gauge field

Aµ(x) from Section 4, providing more formal considerations for how specific economic

mechanisms can contribute to its components. While a full microfoundation for Aµ(x) is

highly context-dependent and beyond the scope of this general framework, these speci-

fications illustrate the principles by which Aµ can represent local, path-dependent scale

transformations.

Let the economic manifold Mecon be defined by a set of relevant coordinates x =

(x1, x2, . . . , xn). For illustrative purposes, we might consider a simplified case where x1

represents wealth (W ), x2 represents capital (K), and x3 represents social/political capital

(S). The Weyl gauge field Aµ(x) is then a vector field A(x) = (AW (x), AK(x), AS(x), . . . ).

The change in an agent’s effective scale ℓ(t) along a trajectory x(t) is given by d ln(ℓ(t))
dt

=

Aµ(x(t))
dxµ(t)

dt
. Thus, the components of Aµ dictate the instantaneous rate of change in

the logarithm of effective scale as an agent moves in a particular direction in the economic

state space.

A.2.1. The Friction/Transaction Cost Gauge (AFric
µ )

This component of the gauge field reflects the effective ”economic friction” or ”rent-

extraction potential” encountered by agents.

• Economic Intuition: In many economic systems, the cost of transacting, inno-

vating, or accumulating wealth is not uniform. High transaction costs, regulatory

burdens, or rent-seeking by powerful actors can effectively ”tax” or diminish the ef-

fective scale of economic activities, while avenues for rent extraction can amplify it.

These frictions may be disproportionately high for agents at lower economic scales

or when attempting certain ”disruptive” paths, and conversely, they may transform

into ”subsidies” or ”rents” for established players.

• Formal Specification Principle: AFric
µ (x) could be specified such that its com-

ponents are positive in directions where accumulating nominal value faces high ef-

fective resistance, and negative where rents are extracted. For example, if x1 = W
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(wealth):

AW (x) ∝ −∂C(x)

∂W
+

∂R(x)

∂W

where C(x) represents non-linear costs or barriers to wealth accumulation (e.g.,

regulatory hurdles, entry costs) andR(x) represents rent-seeking opportunities (e.g.,

through lobbying or market manipulation). If C(x) is convex and R(x) is concave

in W for lower W and the opposite for higher W , this could imply a ”friction

field” that slows down the poor but accelerates the rich. The non-integrability

(i.e., Fµν ̸= 0) would arise if these costs/rents are path-dependent, for instance,

if establishing political connections to reduce costs along one dimension requires

non-retraceable investments along another.

A.2.2. The Returns to Scale/Network Effect Gauge (ARet
µ )

This component of the gauge field captures the localized, path-dependent elasticity of

returns to scale or the strength of network externalities.

• Economic Intuition: In many sectors (e.g., technology, finance), returns to capital

or growth are not constant but rather increase with scale. Similarly, the value

derived from a network often grows non-linearly with the number and density of

connections. These effects can be highly localized (e.g., specific technologies, market

niches) and path-dependent (e.g., early-mover advantages).

• Formal Specification Principle: ARet
µ (x) could be specified such that its com-

ponents are positive in directions that maximize the capture of increasing returns

or network effects. For a manifold where x1 = K (capital) and x2 = N (network

size/density):

AK(x) ∝
∂ϵK(x)

∂K
and AN(x) ∝

∂ϵN(x)

∂N

where ϵK(x) is the local elasticity of returns to capital and ϵN(x) is the local elas-

ticity of network effects. If these elasticities are convex functions of K or N , they

create strong ”pulls” in the gauge field for larger entities. The non-integrability im-

plies that the ”scaling bonus” from leveraging network effects or increasing returns
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is not simply reversible; breaking network ties or losing market dominance does not

necessarily reverse the accumulated effective scale in the same way it was gained.

A.2.3. The Information Asymmetry/Market Power Gauge (AInfo
µ )

This component reflects how information advantages or the ability to exert market power

can effectively re-gauge an agent’s economic standing.

• Economic Intuition: Access to privileged information or control over critical mar-

ket segments allows agents to translate nominal resources into disproportionately

larger effective economic power. This advantage is often localized (specific markets,

knowledge domains) and can be persistent.

• Formal Specification Principle: AInfo
µ (x) could be specified such that its com-

ponents are positive in directions where information advantages are maximized or

market power can be exerted. If x1 = I (information advantage index) and x2 = M

(market concentration index):

AI(x) ∝
∂P (x)

∂I
and AM(x) ∝ ∂P (x)

∂M

where P (x) is the potential for profit extraction or rent generation derived from

information asymmetry or market power. The non-integrability in this context

implies that the economic ”leverage” gained from establishing market dominance

or acquiring exclusive information is not a conservative property. For example, once

a dominant market position is established, the ”effective cost” of maintaining that

position (and the associated scaling benefit) might be significantly lower than the

”cost” of initially achieving it.
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A.2.4. Combined Economic Gauge Field

In a realistic economic system, the total Weyl gauge field Aµ(x) would likely be a complex

superposition of these and potentially other economic influences:

Aµ(x) = AFric
µ (x) + ARet

µ (x) + AInfo
µ (x) + . . .

The crucial aspect is that for the field to lead to non-integrable scaling (i.e., Fµν ̸= 0),

these individual components, or their aggregate, must not be expressible as the exact gra-

dient of a single global scalar potential. This non-conservative nature of Aµ embodies the

idea that economic value and opportunity are not simply conserved or predictably trans-

formed but are subject to path-dependent and irreversible re-gauging effects, providing

the geometric foundation for the emergence of power laws and persistent inequality.

7.6 A.3. Derivations of Power Law Distributions

This subsection will provide detailed analytical derivations illustrating how the dynamics

described in Section 5, under specific functional forms for the Weyl gauge field Aµ(x)

and agent decision rules V µ(x), can lead to the emergence of power law distributions

(e.g., Pareto distribution) in an agent’s effective scale ℓ(t). We will consider simplified

scenarios (e.g., one-dimensional economic manifolds, specific growth rates) to explicitly

demonstrate the mathematical link between the non-integrable scaling and the charac-

teristic fat-tailed distributions. This may involve solving the integral equation for ℓ(t)

under various assumptions for Aµ(x) and dxµ/dt.

We now specify the mechanisms through which the dynamics on a Weyl economic man-

ifold, particularly influenced by the gauge field Aµ, lead to the emergence of power law

distributions in agents’ effective economic scale. We build upon the dynamic equation

for ℓi(t) derived in Section 5 and connect it to established results in probability theory

and stochastic processes that generate fat-tailed distributions.
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A.3.1. The Role of Accumulated Effective Scaling (Ki(t))

Recall that an agent i’s effective economic scale ℓi(t) at time t is given by:

ℓi(t) = ℓi(t0) exp (Ki(t))

where Ki(t) =
∫ t

t0
Aµ(xi(τ))

dxµ
i (τ)

dτ
dτ represents the accumulated effective scaling along

the agent’s path xi(τ). The non-integrability of Aµ ensures that Ki(t) is path-dependent,

allowing for persistent gains that cannot be simply reversed by traversing a closed loop.

The fundamental insight for the emergence of power laws from this equation is as follows:

If the probability distribution of Ki(t) across the population, for sufficiently large values

of Ki(t), follows an exponential decay, then the distribution of ℓi(t) will exhibit a power

law (Pareto) tail. Specifically, if P (Ki(t) > k) ∼ e−βk for large k, then P (ℓi(t) > ℓ) ∼ ℓ−β

for large ℓ. Our task, therefore, is to demonstrate how the Weyl gauge field contributes

to an exponential tail in the distribution of Ki(t).

A.3.2. Mechanisms for Generating Exponential Tails in Ki(t)

The Weyl gauge field Aµ(x) plays a critical role in shaping the distribution of Ki(t)

through several mechanisms:

1. Persistent Amplification via Non-Integrability: The non-vanishing curl of Aµ

(i.e., Fµν ̸= 0) allows for the continuous generation of ”effective scale” without the need for

a globally defined potential function that would limit such growth. This means agents can

follow paths that repeatedly align with the ”amplifying” directions of Aµ (Aµ · V µ > 0),

accumulating indefinitely large positive values of Ki(t). Unlike conservative fields where

accumulation is bounded by the potential difference between start and end points, the

non-integrability allows for the indefinite spiraling of effective scale. This property is

crucial for generating the unbounded growth required for power laws.

2. Preferential Paths and ”Geometric Attractors”: The economic interpretations

of Aµ (Section A.2) imply that the manifold contains ”channels” or ”ridges” where the
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effective growth rate Aµ · V µ is systematically high.

• If Aµ represents rent-seeking opportunities, certain paths (e.g., investing in lobby-

ing, exploiting regulatory loopholes) allow agents to consistently accumulate posi-

tive Ki(t).

• If Aµ represents increasing returns to scale or strong network effects, agents who

achieve critical thresholds in wealth or network centrality find themselves in regions

where Aµ accelerates their effective scale. Their existing scale helps them access

paths that further amplify it.

• If Aµ reflects information advantages or market power, agents leveraging these can

follow trajectories where Aµ provides a continuous ”scaling bonus,” allowing them

to extract disproportionate value.

Agents, pursuing their economic objectives (e.g., wealth maximization), will tend to

gravitate towards or seek to create these advantageous paths. The distribution of Ki(t)

then becomes skewed, with a few agents accumulating substantially higher Ki(t) values.

3. Feedback Loops and Endogenous Path Choice: The dynamics on the Weyl

manifold often feature positive feedback loops. If an agent’s ability to choose high-Aµ

paths (i.e., to choose V µ that maximizes Aµ · V µ) is itself a function of their current

effective scale ℓi(t) (e.g., larger firms can invest more in R&D to capture network effects,

wealthier individuals can afford better legal advice to exploit regulatory arbitrage), this

amplifies the differential growth. Agents with higher ℓi(t) can more effectively access or

create paths where Aµ yields even larger returns, leading to a ”rich-get-richer” dynamic

that drives Ki(t) to extremes.

4. Stochasticity and Extreme Value Theory: While the deterministic component

of Aµ guides the general trend, the exact path xi(t) for any given agent will typically

incorporate stochastic elements (e.g., random shocks to productivity, market opportuni-

ties, or policy changes). This makes Ki(t) a stochastic process. When the distribution of

these stochastic influences, in conjunction with the amplifying effects of Aµ, is such that
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the probability of very large values of Ki(t) decays exponentially, then ℓi(t) naturally

follows a power law. For instance, if the effective growth rate Aµ · V µ has a distribution

that allows for rare, large positive deviations, and these deviations are then compounded

multiplicatively through the exponential relationship, a power law tail can emerge. Spe-

cific models, often involving a combination of proportional growth (e.g., Gibrat’s Law

for nominal growth) and an amplifying Weyl gauge field, can be constructed to formally

derive Pareto distributions.

A.3.3. Stylized Example: One-Dimensional Wealth Accumulation

Consider a simplified case where the economic manifold is one-dimensional, representing

an agent’s wealth W , and their velocity is simply dW
dt
. The gauge field is then a scalar

function A(W ). The effective scale ℓ(t) evolves as:

d ln(ℓ)

dt
= A(W )

dW

dt

If we assume W itself undergoes a multiplicative stochastic process, e.g., dW/dt =

ρ(W )W + σWξt, where ξt is white noise. Then, d ln(ℓ)
dt

= A(W )(ρ(W )W + σWξt). For

power laws to emerge, we often need the growth rate of ln(ℓ) to be unbounded for some

agents. If A(W ) or the product A(W )W increases sufficiently with W , especially for large

W , it can lead to an exponential accumulation of ln(ℓ), thus producing a power law. For

instance, if A(W ) is such that for large W , A(W )W ≈ constant, and the stochastic

term has specific properties, then ln(ℓ) can follow a random walk with drift leading to a

Pareto distribution for ℓ. More rigorous derivations for specific functional forms of A(W )

and agent dynamics (e.g., through Fokker-Planck equations for the probability density

function of ℓ) can confirm this.

In summary, the Weyl geometric framework provides a powerful, intrinsically scale-

dependent mechanism for the generation of power law distributions. By allowing for

a non-integrable accumulation of effective scale via the gauge field Aµ, it creates condi-

tions for sustained, disproportionate growth trajectories, leading to the characteristic fat
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tails observed in economic data.

7.7 A.4. Numerical Simulations and Illustrations

Given the complexity of higher-dimensional Weyl geometries, this subsection will present

numerical simulations to visually illustrate the core mechanisms of our model. These

simulations will demonstrate how initial distributions of agents evolve on a Weyl mani-

fold under various specifications of Aµ(x), showcasing the emergence of disproportionate

growth, path-dependent outcomes, and the eventual formation of power law distributions

for quantities like wealth or firm size.

We now outline the methodology and objectives for numerical simulations designed to

complement the analytical arguments presented in the main text and previous appendices.

Given the inherent complexity of multi-dimensional Weyl geometry and the non-linear,

path-dependent nature of the scale transformations, simulations serve as a powerful tool

for visual demonstration, sensitivity analysis, and exploration of the model’s behavior

beyond analytically tractable cases. These simulations will provide concrete illustrations

of how the Weyl economic manifold fundamentally shapes the dynamics of economic scale

and leads to observed patterns of inequality and power law distributions.

A.4.1. Objectives of Simulation

The primary goals of conducting numerical simulations are threefold:

1. Visualizing Theoretical Predictions: To offer a tangible demonstration of the

core theoretical predictions, specifically the emergence of power law distributions in

the effective economic scale (ℓ) and the persistent divergence of economic fortunes

among agents.

2. Exploring Parameter Space: To investigate how different specifications of the

economic metric (gµν) and, crucially, the Weyl gauge field (Aµ), influence the result-

ing economic dynamics and the characteristics of the generated distributions (e.g.,

the Pareto exponent). This allows for a deeper understanding of the sensitivity of
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the model to the underlying economic mechanisms represented by Aµ.

3. Illustrating Path-Dependence and Non-Integrability: To clearly demon-

strate the consequences of the non-integrable nature of effective scale, showing how

identical nominal initial conditions can lead to vastly different long-term effective

scales based solely on the specific trajectories agents follow through the economic

manifold.

A.4.2. General Simulation Methodology

The simulations will involve tracking a large population of heterogeneous economic agents

over discrete time steps on a discretized Weyl economic manifold. The general steps will

include:

1. Manifold Discretization: The economic manifold Mecon will be discretized into

a grid, allowing for the numerical evaluation of gµν(x) and Aµ(x) at discrete points.

For initial explorations, a low-dimensional manifold (e.g., 1D wealth space, or 2D

wealth-capital space) will be used.

2. Agent Initialization: A large number of agents (e.g., N = 104 to 106) will be

initialized with diverse starting positions xi(t0) and initial effective scales ℓi(t0)

drawn from plausible economic distributions (e.g., uniform, normal, or empirical

distributions).

3. Specification of gµν(x) and Aµ(x): Based on the interpretations in Section A.2,

specific functional forms for the metric tensor and, more importantly, for the Weyl

gauge field will be chosen. These forms will capture aspects such as scale-dependent

frictions, increasing returns to scale, or localized information advantages. The non-

integrable nature of Aµ will be ensured (i.e., its curl Fµν will be non-zero).

4. Agent Dynamics: At each time step ∆t, each agent i will update its economic

state xi(t) and effective scale ℓi(t).

• The change in nominal economic state dxµ
i will be modeled, possibly incorpo-
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rating both a deterministic component (e.g., drift towards growth opportuni-

ties) and a stochastic component (e.g., random shocks, innovation luck). This

can be a simple random walk with drift, or a more sophisticated decision rule

where agents attempt to optimize their Aµ · V µ locally.

• The agent’s new effective scale ℓi(t + ∆t) will then be computed using the

discretized version of the integral equation:

ℓi(t+∆t) = ℓi(t) exp

(
Aµ(xi(t))

dxµ
i

dt
∆t

)

or, more robustly for numerical integration, using the full integral over the

path segment.

5. Simulation Horizon: The simulation will run for a sufficient number of time steps

to allow the distributions to stabilize and for power law characteristics to emerge.

A.4.3. Illustrative Scenarios and Expected Results

The simulations will focus on demonstrating:

• Emergence of Power Law Tails: By plotting the complementary cumulative

distribution function (CCDF) of ℓi(t) on a log-log scale at various time points,

we expect to observe a linear relationship in the tail, confirming the emergence of

power law distributions. Comparisons can be made with benchmarks like Pareto

or log-normal distributions.

• Divergence of Economic Fortunes: Visualizations of the evolution of individual

agent’s ℓi(t) over time will clearly show a widening gap between agents, with a few

agents experiencing super-exponential growth relative to the majority. Measures

of inequality (e.g., Gini coefficient, Theil index) over time will confirm increasing

stratification.

• Influence of Aµ Specification: Simulations with different functional forms for

Aµ(x) (e.g., stronger ”amplifying” regions, more uniform ”frictions”) will illustrate

39



how the characteristics of the power law (e.g., the exponent) and the level of in-

equality are sensitive to the underlying economic geometry.

• Path-Dependence in Action: By tracking pairs of agents with nearly identical

initial conditions but forced onto slightly different initial paths, the simulations can

graphically demonstrate how the non-integrability of Aµ leads to vastly different

long-term effective scales, even if their nominal states converge. This would vividly

illustrate the irreversible nature of accumulated advantages.

• Manifold Visualization (Simplified): For 2D manifolds, vector fields repre-

senting Aµ(x) can be plotted, overlaying agent trajectories to visually convey how

agents are ”pushed” or ”pulled” by the gauge field towards high-growth regions.

These numerical experiments will provide compelling empirical support for the theoretical

arguments, offering concrete evidence of how a Weyl geometric framework can generate

and explain the observed patterns of economic inequality and power laws.
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